
ÝÊÇÀÌÅÍ ÏÎ ÌÀÒÅÌÀÒÈÊÅ (2007 ã.)
Â À Ð È À Í Ò 1.1

1. Íàéòè inf, sup çíà÷åíèé ôóíêöèè y3−x2y
x2+y2 íà ìíîæåñòâå

{(x, y) ∈ R2 | 0 < x2 + y2 < 4}.
2. Íàéòè æîðäàíîâ áàçèñ âåêòîðíîãî ïðîñòðàíñòâà R4 îòíîñèòåëüíî

ëèíåéíîãî îïåðàòîðà x → Ax, åñëè

A =

(
B B

0 B

)
, ãäå B =

(
1 1
1 1

)
.

3. Â ïðÿìîóãîëüíîé ñèñòåìå êîîðäèíàò ãèïåðáîëè÷åñêèé ïàðàáîëîèä
çàäàí óðàâíåíèåì x2

a2 − y2 = 2z c ïàðàìåòðîì a 6= 0. Íàéòè âñå çíà÷åíèÿ
ïàðàìåòðà a > 0, äëÿ êîòîðûõ ñóùåñòâóåò ïàðà ïðÿìîëèíåéíûõ îáðàçó-
þùèõ äàííîãî ãèïåðáîëè÷åñêîãî ïàðàáîëîèäà, ïàðàëëåëüíûõ ïëîñêîñòè
2
√

2y − z = 0 è ïåðåñåêàþùèõñÿ ïîä óãëîì π/3.

ÝÊÇÀÌÅÍ ÏÎ ÌÀÒÅÌÀÒÈÊÅ (2007 ã.)
Â À Ð È À Í Ò 1.2

4. Âû÷èñëèòü èíòåãðàë
∫

C

z arctg(z)√
1 + z2

dz + (y − z3)dx− (2x + z3)dy,

ãäå êîíòóð C, ïðîáåãàåìûé ïðîòèâ õîäà ÷àñîâîé ñòðåëêè, åñëè ñìîòðåòü
ñ ïîëîæèòåëüíîé ñòîðîíû îñè z, çàäàí ñèñòåìîé óðàâíåíèé

√
1− x2 − y2 = z, 4x2 + 9y2 = 1.

5. Äîêàçàòü, ÷òî ôóíêöèÿ f(z) =
∞∏

n=1
(1 + z2nnz) àíàëèòè÷íà â êðóãå

{z : |z| < 1}.
6. Ðåøèòü çàäà÷ó Êîøè

(2y − x)y′ = y + 1/x, y|x=−2 = −1.

Ñêîëüêî ñóùåñòâóåò ðåøåíèé?



ÝÊÇÀÌÅÍ ÏÎ ÌÀÒÅÌÀÒÈÊÅ (2007 ã.)
Â À Ð È À Í Ò 2.1

1. Íàéòè inf, sup çíà÷åíèé ôóíêöèè y3−2x2y
x2+y2 íà ìíîæåñòâå

{(x, y) ∈ R2 | 0 < x2 + y2 < 4}.
2. Íàéòè æîðäàíîâ áàçèñ âåêòîðíîãî ïðîñòðàíñòâà R4 îòíîñèòåëüíî

ëèíåéíîãî îïåðàòîðà x → Ax, åñëè

A =

(
B 0
B B

)
, ãäå B =

(
1 −2
1 −2

)
.

3. Â ïðÿìîóãîëüíîé ñèñòåìå êîîðäèíàò îäíîïîëîñòíûé ãèïåðáîëîèä
çàäàí óðàâíåíèåì x2

4 + y2 − z2

c2 = 1 c ïàðàìåòðîì c 6= 0. Íàéòè âñå çíà-
÷åíèÿ ïàðàìåòðà c > 0, äëÿ êîòîðûõ ñóùåñòâóåò ïàðà ïðÿìîëèíåéíûõ
îáðàçóþùèõ äàííîãî îäíîïîëîñòíîãî ãèïåðáîëîèäà, ïàðàëëåëüíûõ ïëîñ-
êîñòè x = 0 è ïåðåñåêàþùèõñÿ ïîä óãëîì π/3.

ÝÊÇÀÌÅÍ ÏÎ ÌÀÒÅÌÀÒÈÊÅ (2007 ã.)
Â À Ð È À Í Ò 2.2

4. Âû÷èñëèòü èíòåãðàë
∫

C

zln(z + 1)

(1 + z2)2 dz + (y3 + z3)dx− (x3 + z3)dy,

ãäå êîíòóð C, ïðîáåãàåìûé ïðîòèâ õîäà ÷àñîâîé ñòðåëêè, åñëè ñìîòðåòü
ñ ïîëîæèòåëüíîé ñòîðîíû îñè z, çàäàí ñèñòåìîé óðàâíåíèé

1− x2 − y2 = z, 4x2 + 2y2 = 1.

5. Äîêàçàòü, ÷òî ôóíêöèÿ f(z) =
∞∏

n=1
(1 + n2z2n

) àíàëèòè÷íà â êðóãå
{z : |z| < 1}.

6. Ðåøèòü çàäà÷ó Êîøè

(2y + 3x)y′ = −3y − 1/(x + 1), y|x=2 = −3.

Ñêîëüêî ñóùåñòâóåò ðåøåíèé?



ÝÊÇÀÌÅÍ ÏÎ ÌÀÒÅÌÀÒÈÊÅ (2007 ã.)
Â À Ð È À Í Ò 3.1

1. Íàéòè inf, sup çíà÷åíèé ôóíêöèè x3−y2x
x2+y2 íà ìíîæåñòâå

{(x, y) ∈ R2 | 0 < x2 + y2 < 4}.
2. Íàéòè æîðäàíîâ áàçèñ âåêòîðíîãî ïðîñòðàíñòâà R4 îòíîñèòåëüíî

ëèíåéíîãî îïåðàòîðà x → Ax, åñëè

A =

(
B B
0 B

)
, ãäå B =

(
1 3
1 3

)
.

3. Â ïðÿìîóãîëüíîé ñèñòåìå êîîðäèíàò ãèïåðáîëè÷åñêèé ïàðàáîëîèä
çàäàí óðàâíåíèåì 2x2−b2y2 = 2z c ïàðàìåòðîì b 6= 0. Íàéòè âñå çíà÷åíèÿ
ïàðàìåòðà b > 0, äëÿ êîòîðûõ ñóùåñòâóåò ïàðà ïðÿìîëèíåéíûõ îáðàçó-
þùèõ äàííîãî ãèïåðáîëè÷åñêîãî ïàðàáîëîèäà, ïàðàëëåëüíûõ ïëîñêîñòè√

2x− z = 0 è ïåðåñåêàþùèõñÿ ïîä óãëîì π/3.

ÝÊÇÀÌÅÍ ÏÎ ÌÀÒÅÌÀÒÈÊÅ (2007 ã.)
Â À Ð È À Í Ò 3.2

4. Âû÷èñëèòü èíòåãðàë∫

C

ezdz

1 + ez + e2z
− (2y + z2)dx + (x + z3)dy,

ãäå êîíòóð C, ïðîáåãàåìûé ïðîòèâ õîäà ÷àñîâîé ñòðåëêè, åñëè ñìîòðåòü
ñ ïîëîæèòåëüíîé ñòîðîíû îñè z, çàäàí ñèñòåìîé óðàâíåíèé

√
1− x2

4
− y2

9
= z, x2 + y2 = 1.

5. Äîêàçàòü, ÷òî ôóíêöèÿ f(z) =
∞∏

n=1
(1 − n−zzn!) àíàëèòè÷íà â êðóãå

{z : |z| < 1}.
6. Ðåøèòü çàäà÷ó Êîøè

(y − 2x)y′ = 2y − 1/(x− 1), y|x=−1 = −2.

Ñêîëüêî ñóùåñòâóåò ðåøåíèé?



ÝÊÇÀÌÅÍ ÏÎ ÌÀÒÅÌÀÒÈÊÅ (2007 ã.)
Â À Ð È À Í Ò 4.1

1. Íàéòè inf, sup çíà÷åíèé ôóíêöèè x3−2y2x
x2+y2 íà ìíîæåñòâå

{(x, y) ∈ R2 | 0 < x2 + y2 < 4}.
2. Íàéòè æîðäàíîâ áàçèñ âåêòîðíîãî ïðîñòðàíñòâà R4 îòíîñèòåëüíî

ëèíåéíîãî îïåðàòîðà x → Ax, åñëè

A =

(
B 0
B B

)
, ãäå B =

(
1 −4
1 −4

)
.

3. Â ïðÿìîóãîëüíîé ñèñòåìå êîîðäèíàò îäíîïîëîñòíûé ãèïåðáîëîèä
çàäàí óðàâíåíèåì a2x2 + 9y2 − z2 = 1 c ïàðàìåòðîì a 6= 0. Íàéòè âñå
çíà÷åíèÿ ïàðàìåòðà a > 0, äëÿ êîòîðûõ ñóùåñòâóåò ïàðà ïðÿìîëèíåé-
íûõ îáðàçóþùèõ äàííîãî îäíîïîëîñòíîãî ãèïåðáîëîèäà, ïàðàëëåëüíûõ
ïëîñêîñòè y = 0 è ïåðåñåêàþùèõñÿ ïîä óãëîì π/3.

ÝÊÇÀÌÅÍ ÏÎ ÌÀÒÅÌÀÒÈÊÅ (2007 ã.)
Â À Ð È À Í Ò 4.2

4. Âû÷èñëèòü èíòåãðàë∫

C

dz

1− ez + e2z
+ (y3 − z3)dx− (x2 + z2)dy,

ãäå êîíòóð C, ïðîáåãàåìûé ïðîòèâ õîäà ÷àñîâîé ñòðåëêè, åñëè ñìîòðåòü
ñ ïîëîæèòåëüíîé ñòîðîíû îñè z, çàäàí ñèñòåìîé óðàâíåíèé

1− x2

4
− y2

2
= z, x2 + y2 = 1.

5. Äîêàçàòü, ÷òî ôóíêöèÿ f(z) =
∞∏

n=1
(1 + (−1)nn4z4n) àíàëèòè÷íà â

êðóãå {z : |z| < 1}.
6. Ðåøèòü çàäà÷ó Êîøè

(y + x)y′ = −y + 1/(x + 2), y|x=1 = −1.

Ñêîëüêî ñóùåñòâóåò ðåøåíèé?


