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1
§ 1. �à¨¢®«¨¥©ë¥ ª®®à¤¨ âë. �®¢ à¨ âë¥ ¨ª®âà ¢ à¨ âë¥ ª®¬¯®¥âë ¢¥ªâ®à Ǒãáâì R3 ®¡ëç®¥(â®ç¥ç®¥) âà¥å¬¥à®¥ ¥¢ª«¨¤®¢® ¯à®áâà áâ¢®. �¢¥¤¥¬¢ R3 ¯àï¬®ã£®«ìãî ¤¥ª àâ®¢ã á¨áâ¥¬ã ª®®à¤¨ â: x1, x2, x3, ®àâ ¬¨ ª®â®à®©ï¢«ïîâáï q1,q2,q3. � �¤®© â®çª¥ M(x1, x2, x3) ∈ R3 ¬®�® ¯®áâ ¢¨âì ¢ á®®â-¢¥âáâ¢¨¥ à ¤¨ãá-¢¥ªâ®à íâ®© â®çª¨r = x1q1 + x2q2 + x3q3 = xiqi. (1.1)�¤¥áì ¨ ¤ «¥¥ ¯à¨ïâ® á®£« è¥¨¥ ® áã¬¬¨à®¢ ¨¨ ¯® ¯®¢â®àïîé¨¬áï ¨¤¥ª-á ¬. Ǒ® ®¯à¥¤¥«¥¨î qi · qj = δij | á¨¬¢®« �à®¥ª¥à  ¨ ¯®íâ®¬ã ¨§ (1.1)¨¬¥¥¬

xi = r · qi, i = 1, 2, 3. (1.2)� ¤¨ãá-¢¥ªâ®à r ¨§ (1.1) ¬®�® à áá¬ âà¨¢ âì ª ª í«¥¬¥â âà¥å¬¥à®£®¢¥ªâ®à®£® ¯à®áâà áâ¢  V , §  ¡ §¨á ª®â®à®£® ¯à¨ïâë «¨¥©® ¥§ ¢¨á¨¬ë¥®àâë q1,q2,q3. �®£¤  á®®â®è¥¨ï (1.2) ®¯à¥¤¥«ïîâ ª®¬¯®¥âë ¢¥ªâ®à  r ¢¡ §¨á¥ q1,q2,q3.�®çªã M(x1, x2, x3) =M(r) ¥¢ª«¨¤®¢  ¯à®áâà áâ¢  R3 ¬®�® ®¯à¥¤¥«¨âìâ ª�¥ ¨ á ¯®¬®éìî ªà¨¢®«¨¥©ëå ª®®à¤¨ â y1, y2, y3. �¢ï§ì ¬¥�¤ã xi ¨ yj¡ã¤¥¬ § ¤ ¢ âì ¢ ¢¨¤¥
xi = xi(y1, y2, y3), yj = yj(x1, x2, x3). (1.3)�ª § ®¥ á®®â¢¥âáâ¢¨¥ ¡ã¤¥¬ ¯à¥¤¯®« £ âì ¢§ ¨¬® ®¤®§ çë¬, â ª çâ® ïª®-¡¨  ¯à¥®¡à §®¢ ¨ï (1.3) ®â«¨ç¥ ®â ã«ï

|D| = D(x1, x2, x3)
D(y1, y2, y3) = ∣∣∣∣∣∣∣∣∣∣∣

∂x1
∂y1 ∂x1

∂y2 ∂x1
∂y3

∂x2
∂y1 ∂x2

∂y2 ∂x2
∂y3

∂x3
∂y1 ∂x3

∂y2 ∂x3
∂y3

∣∣∣∣∣∣∣∣∣∣∣

= det(∂xi

∂yj

)
6= 0.�¥®¬¥âà¨ç¥áª®¥ ¬¥áâ® â®ç¥ª yi = onst . ¥áâì ¯®¢¥àå®áâì, ª®â®àãî  §®-¢¥¬ i-®© ª®®à¤¨ â®© ¯®¢¥àå®áâìî. �®®à¤¨ âë¥ ¯®¢¥àå®áâ¨ yi = onst .¨ yj = onst . ¯¥à¥á¥ª îâáï ¯® «¨¨¨, ¢¤®«ì ª®â®à®© ¬¥ï¥âáï «¨èì âà¥âìï ª®-®à¤¨ â  yk(i 6= j 6= k). �â  «¨¨ï áãâì k-ï ª®®à¤¨ â ï «¨¨ï. � á¨«ã (1.3)r(x1, x2, x3) = r(y1, y2, y3) ¨ ¢¥ªâ®àëe1 = ∂r

∂y1 , e2 = ∂r
∂y2 , e3 = ∂r

∂y3 (1.4)®¯à¥¤¥«ïîâ  ¯à ¢«¥¨ï ª á â¥«ìëå ª ª®®à¤¨ âë¬ «¨¨ï¬ ¢ â®çª¥ M .Ǒ®áª®«ìªã |D| 6= 0, â® ¢¥ªâ®àë ei ¨§ (1.4) ¥ª®¬¯«  àë, â. ¥.
W = e1 · (e2 × e3) 6= 0. (1.5)�¥©áâ¢¨â¥«ì®,W ¨§ (1.5) § ¤ ¥â ®¡ê¥¬ ¯ à ««¥«¥¯¨¯¥¤ , ¯®áâà®¥®£®   ¢¥ª-â®à å e1, e2, e3. Ǒ®íâ®¬ãW = 0 ¢«¥ç¥â §  á®¡®© «¨¥©ãî § ¢¨á¨¬®áâì ¢¥ªâ®à®¢e1, e2, e3, â. ¥.

λe1 + µe2 + νe3 = 0, λ, µ, ν − onst . 6= 0. (1.6)� ¤àã£®© áâ®à®ë, (1.4) ¬®�® ¯¥à¥¯¨á âì á«¥¤ãîé¨¬ ®¡à §®¬ej = ∂r
∂yj

= ∂x1
∂yj

q1 + ∂x2
∂yj

q2 + ∂x3
∂yj

q3 = ∂xm

∂yj

qm.



2Ǒ®íâ®¬ã ª®®à¤¨ â ï § ¯¨áì ¢¥ªâ®à®£® à ¢¥áâ¢  (1.6) ¤ ¥â(D)(λ, µ, ν)′ = 0,£¤¥ (D) | ¬ âà¨æ  ¯à¥®¡à §®¢ ¨ï (1.3): xi = xi(y1, y2, y3),   (λ, µ, ν)′ | áâ®«-¡¥æ, â ª çâ® ′ { á¨¬¢®« âà á¯®¨à®¢ ¨ï. �§ |D| 6= 0 ¢ëâ¥ª ¥â λ = µ = ν = 0,â. ¥. «¨¥© ï ¥§ ¢¨á¨¬®áâì ¢¥ªâ®à®¢ e1, e2, e3, ®¯à¥¤¥«ï¥¬ëå ¨§ (1.4). �â¨¢¥ªâ®àë § ¤ îâ ¡ §¨á ªà¨¢®«¨¥©®© á¨áâ¥¬ë ª®®à¤¨ â y1, y2, y3. � á¢ï§¨ á(1.3) íâ®â ¡ §¨á ç áâ®  §ë¢ îâ ¥áâ¥áâ¢¥ë¬. �â¬¥â¨¬, çâ® ¢¥ªâ®àë e1, e2, e3¢ ®¡é¥¬ á«ãç ¥ ¥ ï¢«ïîâáï ¥¤¨¨çë¬¨ ¨ ¢§ ¨¬® ®àâ®£® «ìë¬¨.� àï¤ã á ¡ §¨á®¬ ej ¢¢¥¤¥¬ ¢ à áá¬®âà¥¨¥ ª®¡ §¨á (¢§ ¨¬ë© ¡ §¨á), ¢¥ª-â®àë ª®â®à®£® ®¯à¥¤¥«¨¬ á«¥¤ãîé¨¬ ®¡à §®¬ei · ej = δi
j = { 0, i 6= j1, i = j

. (1.7)�â ª, ¢ á¨«ã (1.7): e1 · e1 = 1, e1 · e2 = 0, e1 · e3 = 0. �â® ®§ ç ¥â, çâ®¢¥ªâ®à e1 ®àâ®£® «¥ ¢¥ªâ®à ¬ e2 ¨ e3, á«¥¤®¢ â¥«ì®, ¯ à ««¥«¥ ¢¥ªâ®-àã e1. �® â®£¤  e1 = α(e2 × e3) ¨ 1 = e1 · α(e2 × e3). �âáî¤  ¯®«ãç ¥¬
α = [e1 · (e2 × e3)℄−1. �¥¬ á ¬ë¬ ¬ë ¯à¨å®¤¨¬ ª íª¢¨¢ «¥â®¬ã (1.7) ®¯à¥¤¥-«¥¨î ¢¥ªâ®à®¢ ª®¡ §¨á  ei:e1 = (e2 × e3)

W
, e2 = (e3 × e1)

W
, e3 = (e1 × e2)

W
. (1.8)�¤¥áìW ¤ ¥âáï ä®à¬ã«®© (1.5). �¥¯¥àì ®ç¥¢¨¤®, çâ® ¢¥ªâ®àë ª®¡ §¨á  ei ®àâ®-£® «ìë ª á®®â¢¥âáâ¢ãîé¨¬ ª®®à¤¨ âë¬ ¯®¢¥àå®áâï¬ yi = onst. Ǒ®íâ®¬ã¢¥ªâ®àë ei ¥ ª®¬¯«  àë ¨, á«¥¤®¢ â¥«ì®, ï¢«ïîâáï «¨¥©® ¥§ ¢¨á¨¬ë¬¨.� ª �¤®© â®çª®© M ∈ R3 ¬ë á¢ï§ «¨ âà®©ªã «¨¥©® ¥§ ¢¨á¨¬ëå ¢¥ªâ®-à®¢ ¡ §¨á  ej (1.4) ¨ ª®¡ §¨á  ei (1.7). Ǒ®íâ®¬ã ¯à®¨§¢®«ìë© ¢¥ªâ®à u ∈ V¤®¯ãáª ¥â à §«®�¥¨¥ ª ª ¯® á¨áâ¥¬¥ ej :u = ujej = u1e1 + u2e2 + u3e3, (1.9)â ª ¨ ¯® á¨áâ¥¬¥ ei: u = uiei = u1e1 + u2e2 + u3e3. (1.10)Ǒà¨ íâ®¬ ¢ á¨«ã (1.7) ¤«ï ª®¬¯®¥â uj , ui ¡ã¤¥¬ ¨¬¥âì (áà ¢¨ á (1.2)):

uj = u · ej , ui = u · ei. (1.11)�®¬¯®¥âë uj  §ë¢ îâ ª®âà ¢ à¨ âë¬¨, ª®¬¯®¥âë ui | ª®¢ à¨ â-ë¬¨.Ǒãáâì y1, y2, y3 { "áâ à ï" á¨áâ¥¬  ªà¨¢®«¨¥©ëå ª®®à¤¨ â; z1, z2, z3 |"®¢ ï" á¨áâ¥¬  ªà¨¢®«¨¥©ëå ª®®à¤¨ â. Ǒãáâì ¢¥ªâ®àë ei, ei ¨ êi, êi § ¤ îâ¡ §¨á ¨ ª®¡ §¨á ¢ íâ¨å á¨áâ¥¬ å. Ǒà¥®¡à §®¢ ¨¥ "áâ à®©" á¨áâ¥¬ë ª®®à¤¨ â¢ "®¢ãî" ¬®�® ®¯à¥¤¥«ïâì ª ª á®®â®è¥¨ï¬¨ â¨¯  (1.3)
yj = yj(z1, z2, z3), zj = zj(y1, y2, y3), (1.12)â ª ¨ á®®â®è¥¨ï¬¨ ¬¥�¤ã "áâ àë¬¨" ¨ "®¢ë¬¨" ¢¥ªâ®à ¬¨ ¡ §¨á  (ª®¡ §¨-á ) êj = ai

jei, ei = bji êj . (1.13)Ǒ¥à¢ ï ¨§ ä®à¬ã« (1.13) § ¤ ¥â ¯àï¬®¥ ¯à¥®¡à §®¢ ¨¥, ¢â®à ï | ®¡à â®¥.�ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¯à¥®¡à §®¢ ¨¥ yi −→ zj ï¢«ï¥âáï ®¡à â¨¬ë¬.



3�«ï ¢¥ªâ®à  u ∈ V ¢ "áâ à®©" ¨ "®¢®©" á¨áâ¥¬ å ª®®à¤¨ â á¯à ¢¥¤«¨¢ëà §«®�¥¨ï u = uiei = ûj êj .Ǒ®íâ®¬ã
ûjej = uibji êj .�«¥¤®¢ â¥«ì®, ¢ á¨«ã «¨¥©®© ¥§ ¢¨á¨¬®áâ¨ ¢¥ªâ®à®¢ êj

ûj = bjiu
i. (1.14)�â ª, ¯àï¬®¥ ¯à¥®¡à §®¢ ¨¥ ª®âà ¢ à¨ âëå ª®¬¯®¥â ¢¥ªâ®à  u ¢ë¯®«-ï¥âáï á ¯®¬®éìî ª®íää¨æ¨¥â®¢ ®¡à â®£® ¯à¥®¡à §®¢ ¨ï ¢¥ªâ®à®¢ ¡ §¨á .�§ (1.11), (1.13) ¨¬¥¥¬

ui = u · ei = u · bji êj = u · êjb
j
i = ûjb

j
i .Ǒ®íâ®¬ã

ui = bji ûj (1.15)¨ ®¡à â®¥ ¯à¥®¡à §®¢ ¨¥ ª®¢ à¨ âëå ª®¬¯®¥â ¢¥ªâ®à  u ®áãé¥áâ¢«ï¥âáïá ¯®¬®éìî ª®íää¨æ¨¥â®¢ ®¡à â®£® ¯à¥®¡à §®¢ ¨ï ¢¥ªâ®à®¢ ¡ §¨á .� «¥¥ § ¬¥â¨¬, çâ® (1.13) ¢«¥ç¥â §  á®¡®©êj = am
j b

α
mêα, ei = aα

mb
m
i eα.�® á¨áâ¥¬ë ¢¥ªâ®à®¢ êj , ei «¨¥©® ¥§ ¢¨á¨¬ë, á«¥¤®¢ â¥«ì®,

am
j b

α
m = { 0, j 6= α1, j = α

, aα
mb

m
i = { 0, α 6= i1, α = i

, (1.16)� ª ç¥áâ¢¥ á«¥¤áâ¢¨ï ¨§ (1.15), (1.16) ¯®«ãç ¥¬
ai

jui = ai
j ûjb

j
i = ai

jb
j
i ûj = ûj¨«¨

ûj = ai
jui. (1.17)Ǒ®íâ®¬ã ¯àï¬®¥ ¯à¥®¡à §®¢ ¨¥ ª®¢ à¨ âëå ª®¬¯®¥â ¢ë¯®«ï¥âáï á ¯®-¬®éìî ª®íää¨æ¨¥â®¢ ¯àï¬®£® ¯à¥®¡à §®¢ ¨ï ¢¥ªâ®à®¢ ¡ §¨á .�,  ª®¥æ, ¨§ (1.14), (1.16) ¯®«ãç ¥¬

ai
j û

j = ai
jb

j
iu

i = ui¨«¨
ui = ai

j û
j . (1.18)� ª¨¬ ®¡à §®¬, ®¡à â®¥ ¯à¥®¡à §®¢ ¨¥ ª®âà ¢ à¨ âëå ª®¬¯®¥â ¢ë-¯®«ï¥âáï á ¯®¬®éìî ª®íää¨æ¨¥â®¢ ¯àï¬®£® ¯à¥®¡à §®¢ ¨ï ¢¥ªâ®à®¢ ¡ §¨-á . � ª ç¥áâ¢¥ ¯®«¥§®£® á«¥¤áâ¢¨ï ¨§ (1.16) áâ®¨â ®â¬¥â¨âì, çâ®êj = bjiei, ei = ai

j êj , (1.19)â. ¥. ¯àï¬®¥ ¯à¥®¡à §®¢ ¨¥ ª®¡ §¨á  ®áãé¥áâ¢«ï¥âáï á ¯®¬®éìî ª®íää¨æ¨¥-â®¢ ®¡à â®£® ¯à¥®¡à §®¢ ¨ï ¡ §¨á . �¡à â®¥ ¯à¥®¡à §®¢ ¨¥ ª®¡ §¨á  ®áã-é¥áâ¢«ï¥âáï á ¯®¬®éìî ª®íää¨æ¨¥â®¢ ¯àï¬®£® ¯à¥®¡à §®¢ ¨ï ¡ §¨á . �¥©-áâ¢¨â¥«ì®,
ai

j êj = ai
jb

j
iei = ei, bjiei = bjia

i
j êj = êj ,



4çâ® ¨ ¤ ¥â (1.19).�ª § ®¥ ¢ëè¥ ¯®§¢®«ï¥â ãâ¢¥à�¤ âì, çâ® ¯à¨ ¯¥à¥å®¤¥ ®â ®¤®© á¨áâ¥¬ëªà¨¢®«¨¥©ëå ª®®à¤¨ â | (y1, y2, y3) ª ¤àã£®© | (z1, z2, z3) ¯à¥®¡à §®¢ ¨ï| ¢¥ªâ®à®¢ ¡ §¨á  ei ¨ ª®âà ¢ à¨ âëå ª®¬¯®¥â ui,| ¢¥ªâ®à®¢ ª®¡ §¨á  ej ¨ ª®¢ à¨ âëå ª®¬¯®¥â ujï¢«ïîâáï ¢§ ¨¬® ®¡à âë¬¨.�®à¬ã«ë ¯à¥®¡à §®¢ ¨ï ª®¢ à¨ âëå ¨ ª®âà ¢ à¨ âëå ª®¬¯®¥â¢¥ªâ®à  u ¢ "áâ à®©" ¨ "®¢®©" á¨áâ¥¬ å ªà¨¢®«¨¥©ëå ª®®à¤¨ â ¬ë á¢ï-§ «¨ á ª®íää¨æ¨¥â ¬¨ ai
j , bji ¯àï¬®£® ¨ ®¡à â®£® ¯à¥®¡à §®¢ ¨ï ¢¥ªâ®à®¢¡ §¨á  (1.13). �®®â®è¥¨ï (1.16) ãáâ  ¢«¨¢ îâ á¢ï§ì ¬¥�¤ã íâ¨¬¨ ª®íää¨-æ¨¥â ¬¨. � ¬¨ ª®íää¨æ¨¥âë ¬®£ãâ ¡ëâì à¥ «ì® ¢ëç¨á«¥ë á ¯®¬®éìî(1.12). �¥©áâ¢¨â¥«ì®,êj = ∂r

∂zj

= ∂r
∂yi

· ∂yi

∂zj

= ei

∂yi

∂zj

, êj = ai
jeiei = ∂r

∂yi

= ∂r
∂zj

· ∂zj

∂yi

= êj

∂zj

∂yi

, ei = bji êj .

(1.20)�«¥¤®¢ â¥«ì®,
ai

j = ∂yi

∂zj

, bji = ∂zj

∂yi

. (1.21)� ãç¥â®¬ (1.20), (1.21) ä®à¬ã«ë (1.14), (1.17) ¬®�® ¯¥à¥¯¨á âì á«¥¤ãîé¨¬®¡à §®¬
ûj = u · êj = u · ei

∂yi

∂zj

= ui

∂yi

∂zj

ûj = u · êj = u · ei ∂zj

∂yi

= ui ∂zj

∂yi

.

(1.22)�¥¯¥àì ¬ë ¨¬¥¥¬ ¢á¥ ¥®¡å®¤¨¬®¥ ¤«ï   «¨â¨ç¥áª®£® ®¯à¥¤¥«¥¨ï ¢¥ªâ®-à . �¯à¥¤¥«¥¨¥. �¥ªâ®à®¬ u  §®¢¥¬ ®¡ê¥ªâ, ®¯à¥¤¥«ï¥¬ë© âà¥¬ï ª®¬¯®-¥â ¬¨ u1, u2, u3 ¨«¨ u1, u2, u3, ª®â®àë¥ ¯à¨ á¬¥¥ á¨áâ¥¬ë ª®®à¤¨ â (1.12)¯à¥®¡à §ãîâáï ¯® ä®à¬ã« ¬ (1.22).�®âï íâ® ®¯à¥¤¥«¥¨¥ ¤®áâ â®ç® ä®à¬ «¨§®¢ ®, ® ®® ¯®«®áâìî ®âà -� ¥â áãé®áâì ®¡ê¥ªâ ,  §ë¢ ¥¬®£® ¢¥ªâ®à®¬, ¨¡®:1. � íâ®¬ ®¯à¥¤¥«¥¨¨ ¯à¨áãâáâ¢ã¥â á¨áâ¥¬  ª®®à¤¨ â, ¯®à®�¤ îé ï¡ §¨á ei(M) (ª®¡ §¨á ej(M)).2. � íâ®¬ ®¯à¥¤¥«¥¨¨ ¯à¨áãâáâ¢ãîâ ç¨á«  (ç¨á«®¢ë¥ äãªæ¨¨ â®çª¨
M ∈ R3) ui(M), uj(M), ª®â®àë¥ § ¢¨áïâ ®â á¨áâ¥¬ë ª®®à¤¨ â.3. � §¨á ei (ª®¡ §¨á ej) ¨ ç¨á«  ui (¨«¨ uj) ¯®à®�¤ îâ ®¢ë© ®¡ê¥ªâu = ujej = uiei,ª®â®àë© ¬ë ¨  §¢ «¨ ¢¥ªâ®à®¬.4. �¢ à¨ â®áâì íâ®£® ®¡ê¥ªâ  á¢ï§   á â¥¬, çâ® ¯à¥®¡à §®¢ ¨ï ¡ -§¨áëå ¢¥ªâ®à®¢ ei ¨ ª®¬¯®¥â ui (¨«¨ ej ¨ uj) ¯à¨ á¬¥¥ á¨áâ¥¬ëª®®à¤¨ â ï¢«ïîâáï ¢§ ¨¬® ®¡à âë¬¨.�¢®©áâ¢® ¨¢ à¨ â®áâ¨ ¢¥ªâ®à  ª ª ®¡ê¥ªâ  ¢ "ä®à¬ã«ì®©" § ¯¨á¨ ¬®�®¯à¥¤áâ ¢¨âì á«¥¤ãîé¨¬ ®¡à §®¬u = ûj êj = bjiu

iai
jei = bjia

i
ju

iei = uieiu = ûj êj = ai
juib

j
iei = ai

jb
j
iuiei = uiei.

(1.23)



5� (1.23) ¢¬¥áâ® ª®íää¨æ¨¥â®¢ ¯àï¬®£® ai
j ¨ ®¡à â®£® bji ¯à¥®¡à §®¢ ¨©¬®�® ¨á¯®«ì§®¢ âì ¨å § ç¥¨ï ¨§ (1.21). � íâ®¬ á«ãç ¥ á«¥¤ã¥â ¯¥à¥¯¨á âì(1.16) ¢ â ª®© ä®à¬¥

∂ym

∂zj

· ∂zα

∂ym

= δα
j ,

∂yα

∂zm
· ∂zm

∂yi

= δα
i . (1.24)�¯à ¢¥¤«¨¢®áâì á®®â®è¥¨© (1.24) «¥£ª® ãáâ  ¢«¨¢ ¥âáï ¨ ¥¯®áà¥¤áâ¢¥®¨§ (1.12). �¥©áâ¢¨â¥«ì®, ¯ãáâì

yα = yα(z1(y1, y2, y3), z2(y1, y2, y3), z3(y1, y2, y3))
zα = zα(y1(z1, z2, z3), y2(z1, z2, z3), y3(z1, z2, z3)).�®£¤ 

δα
i = ∂yα

∂yi

= ∂yα

∂zm
· ∂zm

∂yi

, δα
j = ∂zα

∂zj

= ∂zα

∂ym

· ∂ym

∂zj

,çâ® ¨ ¯à¨¢®¤¨â ª (1.24). �®íää¨æ¨¥âë ai
j ¯àï¬®£® ¯à¥®¡à §®¢ ¨ï ï¢«ïîâáïí«¥¬¥â ¬¨ ¬ âà¨æë �ª®¡(̈D) = (∂yi

∂zj

) = (ai
j) = (A). (1.25)�¤¥áì ¨ ¤ «¥¥ ª®âà ¢ à¨ âë© ¨¤¥ªá á®®â¢¥âáâ¢ã¥â ®¬¥àã áâà®ª¨, ª®¢ à¨- âë© | ®¬¥àã áâ®«¡æ . �®íää¨æ¨¥âë bji ®¡à â®£® ¯à¥®¡à §®¢ ¨ï ï¢«ï-îâáï í«¥¬¥â ¬¨ ¬ âà¨æë

(∂zj

∂yi

) = (bji ) = (B), (1.26)ª®â®à ï ï¢«ï¥âáï ®¡à â®© ¤«ï ¬ âà¨æë �ª®¡¨ (1.25). � á ¬®¬ ¤¥«¥(A)(B) = (ai
j)(bjm) = (∂yi

∂zj

· ∂zj

∂ym

) = ( ∂yi

∂ym

) = (δi
m) = (E).� ¯à®æ¥áá¥ à ááã�¤¥¨©, ¯à¨¢®¤ïé¨å ª   «¨â¨ç¥áª®¬ã ®¯à¥¤¥«¥¨î ¢¥ª-â®à , ¨á¯®«ì§®¢ «®áì â ª®¥ ª § «®áì ¡ë,  £«ï¤®¥ ¯®ïâ¨¥ ª ª "à ¤¨ãá-¢¥ª-â®à". �¥ªâ®àë ¥áâ¥áâ¢¥®£® ¡ §¨á  (1.4) ®¯à¥¤¥«ïîâáï ¨¬¥® á ¯®¬®éìî"à ¤¨ãá -¢¥ªâ®à " (1.1). �âà®£® £®¢®àï, ¢ â ª®©  £«ï¤®áâ¨ ¥â ®á®¡®© ¥®¡-å®¤¨¬®áâ¨, ¨¡®   á ¬®¬ ¤¥«¥ ¯®áâã«¨àã¥âáï «¨èì ¢®§¬®�®áâì ª �¤®© â®çª¥

M ∈ R3 ¯®áâ ¢¨âì ¢ á®®â¢¥âáâ¢¨¥ ã¯®àï¤®ç¥ãî âà®©ªã ¢¥é¥áâ¢¥ëå ç¨á¥«(y1, y2, y3),  §ë¢ ¥¬ëå ª®®à¤¨ â ¬¨. � íâ®© á¢ï§¨ ¢®§¨ª îâ â ª¨¥ £¥®¬¥-âà¨ç¥áª¨¥ ¯®ïâ¨ï ª ª "ª®®à¤¨ â ï ¯®¢¥àå®áâì", "ª®®à¤¨ âë¥ «¨¨¨",ª®â®àë¥ ¤®¯ãáª îâ   «¨â¨ç¥áª®¥ ®¯¨á ¨¥. Ǒãáâì â®çª M ¨¬¥¥â ª®®à¤¨ âë
y1, y2, y3,   "¡¥áª®¥ç® ¡«¨§ª ï" â®çª  N { ª®®à¤¨ âë y1 + dy1, y2 + dy2, y3 +
dy3. �  ª®®à¤¨ âëå «¨¨ïå, ¯à®å®¤ïé¨å ç¥à¥§ â®çªã M § ä¨ªá¨àã¥¬ â®çª¨
N1(y1+ dy1, y2, y3), N2(y1, y2+ dy2, y3), N3(y1, y2, y3+ dy3). �¯®àï¤®ç¥ ï ¯ à â®ç¥ª M ¨ N ®¯à¥¤¥«ï¥â ®¢ë© ®¡ê¥ªâ

dR = −−→MN, (1.27)á ª®â®àë¬ ¬®�® á¢ï§ âì  ¯à ¢«¥¨¥: ®â M ª N . � ªãî �¥ " ¯à ¢«¥ãî"¯à¨à®¤ã ¨¬¥¥â ¨ ®¡ê¥ªâ
αdR, α = onst . 6= 0, (1.28)



6̄à¨ α > 0  ¯à ¢«¥¨ï ®¡ê¥ªâ®¢ (1.27), (1.28) á®¢¯ ¤ îâ, ¯à¨ α < 0 { ¯à®â¨-¢®¯®«®�ë. � ª ¨ ¢ (1.27), (1.28) ¬®�® ¢¢¥áâ¨  ¯à ¢«¥ë¥ ®¡ê¥ªâë −−→MN i,
αi

−−→
MN i,   â ª�¥ ¯à¨ αi = (dyi)−1 ®¡ê¥ªâë

∂R
∂yi

= ei, i = 1, 2, 3, (1.29)ª®â®àë¥  §®¢¥¬ ¢¥ªâ®à ¬¨ ¡ §¨á . �â¨ ¢¥ªâ®àë, ª ª ¥âàã¤® ¯®ïâì,  ¯à -¢«¥ë ¯® ª á â¥«ìë¬ ª ª®®à¤¨ âë¬ «¨¨ï¬, ¯à®å®¤ïé¨¬ ç¥à¥§ â®çªã M .�®çª  N ï¢«ï¥âáï ¯à®¨§¢®«ì®© ¨
dR = dy1e1 + dy2e2 + dy3e3. (1.30)�¥«¨ç¨ë dyi  §®¢¥¬ ª®âà ¢ à¨ âë¬¨ ª®¬¯®¥â ¬¨ ®¡ê¥ªâ  dR ¢ ¡ §¨á¥ei. �®âà ¢ à¨ âë© å à ªâ¥à ª®¬¯®¥â dyi á«¥¤ã¥â ¨§ ä®à¬ã« ¯à¥®¡à §®-¢ ¨ï ¤¨ää¥à¥æ¨ «  dzj (áà ¢¨ á (1.22))

dzj = ∂zj

∂yi

dyi.�®âï ®ç¥ì ç áâ® ¤«ï ª®®à¤¨ â ¨á¯®«ì§ã¥âáï ®¡®§ ç¥¨¥ yi, ¢á¥ �¥ á«¥¤ã¥â¯®¤ç¥àªãâì, çâ® ª®âà ¢ à¨ âë© å à ªâ¥à ¨¬¥îâ ¥ á ¬¨ ª®®à¤¨ âë yi,  â®«ìª® ¨å ¤¨ää¥à¥æ¨ «ë dyi. �¥ªâ®àë ¡ §¨á  ei (1.29) ¢ ªà¨¢®«¨¥©®© á¨áâ¥-¬¥ ª®®à¤¨ â (y1, y2, y3) á  ç «®¬ ¢ â®çª¥ M ¨ ª®®à¤¨ âë¬¨ ¯®¢¥àå®áâï¬¨
yi = onst . ¨¬¥îâ ª®¬¯®¥âë δ1i , δ2i , δ3i . � ¤¨ãá-¢¥ªâ®à ¯à®¨§¢®«ì®© â®çª¨
M(xi, x2, x3) ¬®�® â¥¯¥àì (áà ¢¨ á (1.1)) ®¯à¥¤¥«¨âì ª ª ¢¥ªâ®à r, ¨¬¥îé¨©¤¥ª àâ®¢ë ª®¬¯®¥âë xi ¢ ¤¥ª àâ®¢®¬ ¡ §¨á¥ qi.� ¢ § ª«îç¥¨¥ íâ®£® ¯ à £à ä  ®â¬¥â¨¬, çâ® ª®®à¤¨ âë â®çª¨M ¬®�®à áá¬ âà¨¢ âì ¢ ª ç¥áâ¢¥ ¢¥ªâ®à®£®  à£ã¬¥â  áª «ïà®© äãªæ¨¨ f(M) =
f(y1, y2, y3). �®£¤  ¯® ®¯à¥¤¥«¥¨î

df(M) = ∂f

∂y1 dy1 + ∂f

∂y2 dy2 + ∂f

∂y3 dy3.Ǒ®áª®«ìªã ª �¤®© â®çª¥M ¬®�® ¯®áâ ¢¨âì ¢ á®®â¢¥âáâ¢¨¥ ¯à®¨§¢®«ìãî ¡¥á-ª®¥ç® ¡«¨§ªãî â®çªã N , â® ®¯à¥¤¥«¥  ¯à ¢«¥ë© ®¡ê¥ªâ −−→MN . Ǒ®íâ®¬ã®¯à¥¤¥«¥  ¨ ¢¥ªâ®à ï äãªæ¨ï ¢¥ªâ®à®£®  à£ã¬¥â , ¤«ï ª®â®à®© ¢ á®®â¢¥â-áâ¢¨¨ á (1.27){(1.30) ¨¬¥¥¬
−−→
MN = dR(M) = ∂R

∂y1 dy1 + ∂R
∂y2 dy2 + ∂R

∂y3 dy3.�¢ à¨ âë© å à ªâ¥à ¢¥ªâ®à®£® ®¡ê¥ªâ  dR ï¢«ï¥âáï ¥áâ¥áâ¢¥ë¬ ®¡®¡-é¥¨¥¬ ¨§¢¥áâ®£® ¨§   «¨§  á¢®©áâ¢  ¨¢ à¨ â®áâ¨ ä®à¬ë ¯¥à¢®£® ¤¨ää¥-à¥æ¨ «  df(M) ¯à¨ ¤®¯ãáâ¨¬ëå (|D| = ∣∣∣∂yi

∂zj

∣∣∣ 6= 0) ¯à¥®¡à §®¢ ¨ïå zj ←→ yi

df = ∂f

∂zj

dzj = ∂f

∂yi

∂yi

∂zj

∂zj

∂yi

dyi = ∂f

∂yi

dyi.

§ 2. �¥§®à. �¨ ¤ . �¢ à¨ â®¥¯à¥¤áâ ¢«¥¨¥ â¥§®à . �¥âà¨ç¥áª¨© â¥§®à�¥ªâ®àë ï¢«ïîâáï ç áâë¬ á«ãç ¥¬ ¡®«¥¥ ®¡é¨å ¬ â¥¬ â¨ç¥áª¨å ®¡ê¥ª-â®¢, ª®â®àë¥ ®¡« ¤ îâ á¢®©áâ¢®¬ ¨¢ à¨ â®áâ¨ ®â®á¨â¥«ì® á¬¥ë á¨áâ¥¬ëª®®à¤¨ â. Ǒ®¤®¡®£® à®¤  ®¡ê¥ªâë  §ë¢ îâáï â¥§®à ¬¨.



7Ǒãáâì,  ¯à¨¬¥à, ¥ª®â®àë© ®¡ê¥ªâ ¢ ª ª®©-«¨¡® "áâ à®©" á¨áâ¥¬¥ ªà¨¢®-«¨¥©ëå ª®®à¤¨ â y1, y2, y3 § ¤ ¥âáï ª®¬¯®¥â ¬¨ à §ëå â¨¯®¢ Tij ¨«¨ T ij .Ǒãáâì ¯®áà¥¤áâ¢®¬ (1.12) ¢¢¥¤¥  "®¢ ï" á¨áâ¥¬  ªà¨¢®«¨¥©ëå ª®®à¤¨ â
z1, z2, z3, ¢ ª®â®à®© â®â �¥ ®¡ê¥ªâ â ª�¥ § ¤ ¥âáï ª®¬¯®¥â ¬¨ à §ëå â¨¯®¢:
T̂ij , T̂ ij . Ǒãáâì ¯à¨ íâ®¬

T̂ij = Tαβ

∂yα

∂zi

∂yβ

∂zj

, T̂ ij = Tαβ ∂zi

∂yα

∂zj

∂yβ

. (2.1)� íâ®¬ á«ãç ¥ ®¡ê¥ªâ, § ¤ ¢ ¥¬ë© ª®¬¯®¥â ¬¨ Tij , T ij (¨«¨ T̂ij , T̂ ij)  §ë-¢ ¥âáï â¥§®à®¬ à £  ¤¢ . � £ â¥§®à  ®¯à¥¤¥«ï¥âáï ª®«¨ç¥áâ¢®¬ ¨¤¥ªá®¢ ãá®®â¢¥âáâ¢ãîé¨å ª®¬¯®¥â. � á®®â¢¥âáâ¢¨¨ á (1.22) ¢¥ªâ®à u á«¥¤ã¥â  §ë¢ âìâ¥§®à®¬ à £  ®¤¨. �®£¤ , ¢ § ¢¨á¨¬®áâ¨ ®â â¨¯  § ¤ ¢ ¥¬ëå ª®¬¯®¥â (Tij¨«¨ T ij) â¥§®à  §ë¢ îâ ª®¢ à¨ âë¬ ¨«¨ ª®âà ¢ à¨ âë¬.Ǒ®ïâ¨¥ â¥§®à  à £  ¤¢  â¥á® á¢ï§ ® á ¤¨ ¤ë¬ (â¥§®àë¬) ¯à®¨§¢¥-¤¥¨¥¬ ¢¥ªâ®à®¢. � ¨¬¥®, ¯ à¥ ¢¥ªâ®à®¢ u,v ∈ V ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥â¥§®à T , ª®â®àë© ®¡®§ ç¨¬ ç¥à¥§
T = u⊗ v (2.2)¨ ®¯à¥¤¥«¨¬ á ¯®¬®éìî à ¢¥áâ¢ 

Ta ≡ (u⊗ v)a = (a · v)u, ∀a ∈ V. (2.3)�«ï ®¡ê¥ªâ  (2.2), (2.3) ã¯®âà¥¡«ï¥âáï â¥à¬¨ ¤¨ ¤ . Ǒ® ®¯à¥¤¥«¥¨îu⊗ v = (uiei)⊗ (vjej) = uivj(ei ⊗ ej). (2.4)�®¢®ªã¯®áâì ç¨á¥« T ij = uivj ®¯à¥¤¥«ï¥â ª®âà ¢ à¨ âë¥ ª®¬¯®¥âë ¤¨ -¤ë. �«ï ª®¬¯®¥â T ij ¥áâ¥áâ¢¥® ¨á¯®«ì§®¢ âì ¬ âà¨çãî ä®à¬ã § ¯¨á¨(T ij) = (uivj), (2.5)£¤¥ i { ®¬¥à áâà®ª¨, j { áâ®«¡æ .Ǒ¥à¥©¤¥¬ ¢ (2.4) ª ®¢®© á¨áâ¥¬¥ ª®®à¤¨ â á ¡ §¨á®¬ êi. �®£¤  ¢ á¨«ã¨¢ à¨ â®áâ¨ ¢¥ªâ®à  ª ª ®¡ê¥ªâ u⊗ v = ûiêi ⊗ v̂j êj = T̂ ij(êi ⊗ êj).� ¤àã£®© áâ®à®ë,u⊗ v = Tαβ(eα ⊗ eβ) = Tαβ(biαêi ⊗ bjβ êj) == Tαβbiαb
j
β(êi ⊗ êj) = Tαβ ∂zi

∂yα

· ∂zj

∂yβ

(êi ⊗ êj).�«¥¤®¢ â¥«ì®,
T̂ ij = Tαβ ∂zi

∂yα

· ∂zj

∂yβ

. (2.6)Ǒ®íâ®¬ã ¢ á®®â¢¥âáâ¢¨¨ á ®¯à¥¤¥«¥¨¥¬ (2.1) ª®¬¯®¥âë T ij ï¢«ïîâáï ª®âà -¢ à¨ âë¬¨ ª®¬¯®¥â ¬¨ â¥§®à  à £  ¤¢  (u⊗v) ¢ ¤¨ ¤®¬ ¡ §¨á¥ (ei⊗ej).�â ª, ¬ë ¯à¨å®¤¨¬ ª ¨¢ à¨ â®¬ã ¯à¥¤áâ ¢«¥¨î ª®âà ¢ à¨ â®£®â¥§®à  à £  ¤¢ 
T = (u⊗ v) = uivj(ei ⊗ ej) = T ij(ei ⊗ ej). (2.7)



8Ǒà¨ íâ®¬
T ij = Tej · ei. (2.8)�¥©áâ¢¨â¥«ì®,

T ij = uivj = vjui = (ej · v)u · ei = (u⊗ v)ej · ei,çâ® ¨ ¤ ¥â (2.8). � ª ¨ ¤«ï ¢¥ªâ®à  u (1.23) ¨¢ à¨ â®áâì ®¡ê¥ªâ  (2.7)®¡¥á¯¥ç¨¢ ¥âáï â¥¬, çâ® ¯à¥®¡à §®¢ ¨ï ª®¬¯®¥â T ij ¨ ¤¨ ¤ (ei ⊗ ej) ¢ (2.7)®áãé¥áâ¢«ïîâáï á ¯®¬®éìî ¢§ ¨¬®®¡à âëå ¯à¥®¡à §®¢ ¨©
T̂ ij = Tαβ ∂zi

∂yα

· ∂zj

∂yβ

, êi ⊗ êj = ∂yα

∂zi

· ∂yβ

∂zj

(eα ⊗ eβ).�¬¥áâ® ¡ §¨áëå ¤¨ ¤ ei ⊗ ej ¢ ¨¢ à¨ â®¬ ¯à¥¤áâ ¢«¥¨¨ (2.7) â¥§®à 
T = u ⊗ v à £  ¤¢  ¬®�® ¨á¯®«ì§®¢ âì ¡ §¨áë¥ ¤¨ ¤ë (ei ⊗ ej), (ei ⊗ ej),(ei ⊗ ej). �®£¤   àï¤ã á (2.7) ¡ã¤¥¬ ¨¬¥âì

T = Tij(ei ⊗ ej) = T ·j
i· (ei ⊗ ej) = T i·

·j (ei ⊗ ej), (2.9)£¤¥
Tij = uivj , T ·j

i· = vjui, T i·
·j = uivj . (2.10)�¥«¨ç¨ë Tij ®¯à¥¤¥«ïîâ ª®¢ à¨ âë¥ ª®¬¯®¥âë â¥§®à  T ,   ¢¥«¨ç¨ë

T ·j
i· , T i·

·j { á¬¥è ë¥ ª®¬¯®¥âë ¢ á®®â¢¥âáâ¢ãîé¨å ¤¨ ¤ëå ¡ §¨á å (2.9).�®çª  ¢¨§ã ¨«¨ ¢¢¥àåã ¯®§¢®«ï¥â ®¯à¥¤¥«¨âì ¬¥áâ® ¡ §¨á®£® ¨«¨ ª®¡ §¨á®£®¢¥ªâ®à  ¢ ¤¨ ¤¥. �â® ª á ¥âáï ¬ âà¨ç®£® ¯à¥¤áâ ¢«¥¨ï ª®¬¯®¥â â¥§®à 
T , â® ¤«ï (T ij), (Tij) ¯¥à¢ë© ¨¤¥ªá á®®â¢¥âáâ¢ã¥â ®¬¥àã áâà®ª¨. �«ï ¬ âà¨æ(T ·j

i· ), (T i·
·j ) á¬¥è ëå ª®¬¯®¥â ¯¥à¢ë¬ ¨¤¥ªá®¬ áç¨â ¥âáï ª®âà ¢ à¨ â-ë©. � «®£¨ç® ä®à¬ã«¥ (2.8) ¤«ï â¥§®àëå ª®¬¯®¥â (2.10) ¯®«ãç ¥¬

Tij = uivj = vjui = (ej · v)u · ei = (u⊗ v)ej · ei = Tej · ei (2.11)
T ·j

i· = vjui = (ej · v)u · ei = (u⊗ v)ej · ei = Tej · ei (2.12)
T i·
·j = uivj = vju

i = (ej · v)u · ei = (u⊗ v)ej · ei = Tej · ei. (2.13)�§ (2.8), (2.11){(2.13) ¢ëâ¥ª ¥â, çâ® ¤«ï ¯à®¨§¢®«ì®£® â¥§®à  à £  ¤¢  ¥£®ª®¬¯®¥âë «î¡®£® â¨¯  ®¯à¥¤¥«ïîâáï ¡ §¨á®¬ ei, ª®¡ §¨á®¬ ei ¨ ¤¥©áâ¢¨¥¬â¥§®à    ¢¥ªâ®àë ¡ §¨á  Tej , ª®¡ §¨á  ej . �âáî¤ , ¢ ç áâ®áâ¨, ¢ëâ¥ª ¥â¯à ¢®¬¥à®áâì ã¯®âà¥¡«¥¨ï â¥à¬¨  "¤¨ ¤ë© ¡ §¨á". �¥©áâ¢¨â¥«ì®, T = 0¢«¥ç¥â §  á®¡®©
T ij = Tij = T ·j

i· = T i·
·j = 0,â. ¥. «¨¥©ãî ¥§ ¢¨á¨¬®áâì ¤¨ ¤:(ei ⊗ ej), (ei ⊗ ej), (ei ⊗ ej), (ei ⊗ ej).�ãé¥áâ¢¥ãî à®«ì ¤«ï ¤ «ì¥©è¥£® ¨£à ¥â äã¤ ¬¥â «ìë© (¬¥âà¨-ç¥áª¨©) â¥§®à. �®¬¯®¥âë íâ®£® â¥§®à  ®¯à¥¤¥«ïîâáï á«¥¤ãîé¨¬ ®¡à §®¬

gmi = em · ei, gmi = em · ei

gm
i = em · ei = δm

i , gi
m = ei · em = δi

m.
(2.14)�¥âàã¤® ãáâ ®¢¨âì â¥§®àë© å à ªâ¥à ¢¥«¨ç¨ gmi, gmi ¨§ (2.14). � á¨«ã(1.22) êm = eα ∂zm

∂yα

, êm = eα

∂yα

∂zm
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ĝmi = êm · êi = eα

∂yα

∂zm

· eβ

∂yβ

∂zi

= gαβ

∂yα

∂zm

∂yβ

∂zi

ĝmi = êm · êi = eα ∂zm

∂yα

· eβ ∂zi

∂yβ

= gαβ ∂zm

∂yα

∂zi

∂yβ

.�¥¯¥àì ®áâ ¥âáï ®¡à â¨âìáï ª ®¯à¥¤¥«¥¨î â¥§®à  (2.1).� âà¨æë ª®¢ à¨ âëå (gmi) ¨ ª®âà ¢ à¨ âëå (gmi) ª®¬¯®¥â ¬¥âà¨-ç¥áª®£® â¥§®à  G ï¢«ïîâáï á¨¬¬¥âà¨çë¬¨ (gmi = gim), (gmi = gim), ¬ âà¨æëá¬¥è ëå ª®¬¯®¥â { ¥¤¨¨çë¬¨ ¨
G = gmi(em ⊗ ei) = (em ⊗ em) = (ei ⊗ ei) = gmi(em ⊗ ei). (2.15)�§ (2.14) ¢ëâ¥ª ¥â, çâ® em = gmiei, em = gmiei. (2.16)�çâ¥¬ â¥¯¥àì (1.11). �®£¤ u = uβeβ = uβgβαeα = uαeα = uαg

αβeβ,á«¥¤®¢ â¥«ì®,
um = uαg

αm, um = uβgβm. (2.17)� «®£¨çë¥ ä®à¬ã«ë ¬®�® ¯®«ãç¨âì ¨ ¤«ï à §®¨¬¥ëå ª®¬¯®¥â â¥§®-à  T à £  ¤¢ . �¥©áâ¢¨â¥«ì®,
T = Tαβ(eα ⊗ eβ) = Tαβg

αigβm(ei ⊗ em) = Tαβ(eα ⊗ eβ) == Tαβgαigβm(ei ⊗ em) = Tαβg
αi(ei ⊗ eβ) = T i·

·β(ei ⊗ eβ).Ǒ®íâ®¬ã à §®¨¬¥ë¥ ª®¬¯®¥âë ®¤®£® ¨ â®£® �¥ â¥§®à  á¢ï§ ë á«¥¤ãî-é¨¬ ®¡à §®¬
T ij = Tαβg

αigβj , Tij = Tαβgαigβj , T i·
·j = Tαjg

αi. (2.18)�«ï (2.16){(2.18) ç áâ® ã¯®âà¥¡«ï¥âáï á«®¢®á®ç¥â ¨¥ "ä®à¬ã«ë �®£«¨à®¢ -¨ï ¨¤¥ªá ¬¨". Ǒ®¤®¡®¥ �®£«¨à®¢ ¨¥ ¯à¨¬¥¨¬® ¤«ï ª®¬¯®¥â â¥§®à «î¡®£® à £ . �¡é¥¥ ¯à ¢¨«® §¤¥áì â ª®¢®: ª®¢ à¨ âë© ¨¤¥ªá ¯®¤¨¬ ¥âáï¢ á®®â¢¥âáâ¢¨¨ á ¯¥à¢®© ä®à¬ã«®© (2.17), ª®âà ¢ à¨ âë© ¨¤¥ªá ®¯ãáª ¥âáï¢ á®®â¢¥âáâ¢¨¨ á® ¢â®à®© ä®à¬ã«®© (2.17).� ª ç¥áâ¢¥ á«¥¤áâ¢¨ï ¨§ (2.16) ¯®«ãç ¥¬
δj
i = ei · ej = gjαgiβeα · eβ = gjαgiβδ

β
α = gjαgiα,â.¥.

giα · gjα = δj
i . (2.19)Ǒ®íâ®¬ã ¬ âà¨æ  ª®¢ à¨ âëå ª®¬¯®¥â ¬¥âà¨ç¥áª®£® â¥§®à  (gim) ï¢«ï¥â-áï ®¡à â®© ª ¬ âà¨æ¥ ª®âà ¢ à¨ âëå ª®¬¯®¥â (gjm), â. ¥. (gim)(gjm) = E.�á«¨ g = det(gim), �g = det(gjm), â®

g�g = det(gimg
mj) = det(δj

i ) = 1.� «¥¥ ¬ë à áá¬®âà¨¬ à¥§ã«ìâ â ¤¥©áâ¢¨ï äã¤ ¬¥â «ì®£® â¥§®à  G  ¯à®¨§¢®«ìë© ¢¥ªâ®à u ∈ V . �®£« á® (2.15) â¥§®à G ¬®�® § ¤ âì ¢ à §-«¨çëå ¤¨ ¤ëå ¡ §¨á å. �®®â¢¥âáâ¢¥® ¨ ¢¥ªâ®à u ¬®�® ®¯à¥¤¥«¨âì ª ªª®¢ à¨ âë¬¨, â ª ¨ ª®âà ¢ à¨ âë¬¨ ª®¬¯®¥â ¬¨. �ã¤¥¬ áç¨â âì, çâ®



10u = uiei,   G = (eα ⊗ eα) = (eα ⊗ eα). � ¯®¬®éìî (2.16){(2.18) ª íâ¨¬ ¤¢ã¬á«ãç ï¬ á¢®¤ïâáï ¢á¥ ®áâ «ìë¥. �â ª,
Gu = (eα ⊗ eα)uiei = (ei · eα)uieα = uiei = u
Gu = (eα ⊗ eα)uiei = (ei · eα)uieα = giαu

ieα.�«ï giαu
ieα ä®à¬ã«ë �®£«¨à®¢ ¨ï (2.16), (2.17) ¤ îâu = uαeα = giαu

ieα = uiei = u.Ǒ®íâ®¬ã ¢ «î¡®¬ á«ãç ¥
Gu = u (2.20)¨ ¬ë ¨¬¥¥¬ ¢á¥ ®á®¢ ¨ï ®¯à¥¤¥«¨âì äã¤ ¬¥â «ìë© â¥§®à G ª ª â®�¤¥-áâ¢¥ë© (¥¤¨¨çë©) ®¯¥à â®à ¯à¨ ®â®¡à �¥¨¨ V −→ V .�ª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¢¥ªâ®à®¢ ®¯à¥¤¥«¥® ¯®ª  â®«ìª® ¤«ï ¢¥ªâ®à®¢¡ §¨á  ei ¨ ª®¡ §¨á  ej . �«ï ¯à®¨§¢®«ìëå ¢¥ªâ®à®¢ u, v ∈ V íâ® ¤¥©áâ¢¨¥«¨èì ä®à¬ «ì® ®¡®§ ç¥®. � ¤ ¨¥ ¬¥âà¨ç¥áª®£® â¥§®à  G (2.14) ¯®§¢®«ï¥â¢¢¥áâ¨ ®¯¥à æ¨î u · v ¤«ï ®¡é¥£® á«ãç ï. Ǒ® ®¯à¥¤¥«¥¨îu · v = uiei · vjej = uivjgij = uivi = ujv

j = ujvig
ij . (2.21)�®£¤  ¤«ï ª¢ ¤à â  ¤«¨ë ¢¥ªâ®à  u ¯®«ãç¨¬

|u|2 = giju
iuj = gijuiuj = uiui. (2.22)�á«¨ (û,v) { ã£®« ¬¥�¤ã  ¯à ¢«¥ë¬¨ ®¡ê¥ªâ ¬¨ (¢¥ªâ®à ¬¨) u, v, â® ¯®®¯à¥¤¥«¥¨î os(û,v) = u · v

|u||v| . (2.23)�âáî¤ , ¢ ç áâ®áâ¨, ¢ëâ¥ª ¥â ®¤  ¨§  ªá¨®¬ áª «ïà®£® ¯à®¨§¢¥¤¥¨ï(u · v) ≤ |u||v|, ¨§¢¥áâ ï ª ª ¥à ¢¥áâ¢® �¢ àæ .Ǒãáâì r(M) { à ¤¨ãá-¢¥ªâ®à â®çª¨M(yi), r(N) { à ¤¨ãá-¢¥ªâ®à ¡¥áª®¥ç®¡«¨§ª®© â®çª¨ N(yi+dyi),   ¢¥ªâ®àë ei(M) ¢ á®®â¢¥âáâ¢¨¨ á (1.29) § ¤ îâ ¡ §¨á.�ç¨âë¢ ï (2.14) ¬®�® ¢ëç¨á«¨âì ª¢ ¤à â à ááâ®ï¨ï ¬¥�¤ã ¯ à®© M , N :
|dr|2 = |r(N)− r(M)|2 = |r(yi + dyi)− r(yi)|2 = ∣∣∣ ∂r

∂yi

dyi
∣∣∣
2 == |ei · dyi|2 = eα · eβdy

αdyβ = gαβdy
αdyβ .

(2.24)�¢ ¤à â¨ç ï ä®à¬  (2.24) § ¤ ¥â ¬¥âà¨ªã ¯à®áâà áâ¢  V , áª «ïà®¥ ¯à®¨§-¢¥¤¥¨¥ ¢ ª®â®à®¬ ®¯à¥¤¥«¥® á ¯®¬®éìî (2.21). �â® ª á ¥âáï (2.21), (2.22), â®ª ª ¥âàã¤® ¯®ïâì u · v = u ·Gv, |u|2 = u ·Gu = |u|2G (2.25)�á«¨ ¡¥áª®¥ç® ¡«¨§ª ï â®çª  Ni «¥�¨â   ª®®à¤¨ â®© «¨¨¨, ¨áå®¤ï-é¥© ¨§ M ¨ ¢¤®«ì ª®â®à®© ¬¥ï¥âáï â®«ìª® ª®®à¤¨ â  yi, â® ¤«ï Ni ¨¬¥¥¬
dyi 6= 0, dyj = 0, j 6= i. Ǒ®íâ®¬ã ¢ á®®â¢¥âáâ¢¨¨ á (2.24)

|dr| = |dri| = √giidy
i, ¯® i ¥ áã¬¬¨à®¢ âì. (2.26)�£®« ¬¥�¤ã i -®© (dyi 6= 0, dyj = 0, dyk = 0) ¨ j -®© (dyi = 0, dyj 6= 0,

dyk = 0) ª®®à¤¨ âë¬¨ «¨¨ï¬¨ (i 6= j 6= k 6= i) ®¯à¥¤¥«ï¥âáï ª ª ã£®« ¬¥�¤ã



11 ¯à ¢«¥ë¬¨ í«¥¬¥â ¬¨ dri = −−→MN i, drj = −−→MN j . �®£¤  ¢ á®®â¢¥âáâ¢¨¨ á(2.23) os(d̂ri, drj) = gij√
giigjj

, ¯® i, j ¥ áã¬¬¨à®¢ âì. (2.27)Ǒ®íâ®¬ã ¤¨ £® «ìë¥ í«¥¬¥âë ¬ âà¨æë ª®¢ à¨ âëå ª®¬¯®¥â (gij) ¬¥-âà¨ç¥áª®£® â¥§®à  G "®â¢¥ç îâ §  à áâï�¥¨¥" ¥§ ¢¨á¨¬ëå ¤¨ää¥à¥æ¨ -«®¢ ¢¤®«ì i -®© ª®®à¤¨ â®© «¨¨¨. �¥¤¨ £® «ìë¥ í«¥¬¥âë "®â¢¥ç îâ § ã£«ë" ¬¥�¤ã á®®â¢¥âáâ¢ãîé¨¬¨ ª®®à¤¨ âë¬¨ «¨¨ï¬¨.� áá¬®âà¨¬,  ª®¥æ, § ¤ ãî ¯ à ¬¥âà¨ç¥áª¨ ¯à®áâà áâ¢¥ãî ªà¨-¢ãî yi = yi(t), ¯à®å®¤ïéãî ç¥à¥§ ¡¥áª®¥ç® ¡«¨§ª¨¥ â®çª¨ M(yi), N(yi + dyi).�á«¨ s { ¤«¨  ¤ã£¨, â® ¢ á¨«ã (2.24)
ds2 = |dr|2 = gαβξ

αξβdt2, ξi = dyi

dt¨ ¤«ï ¤«¨ë ¤ã£¨ ¬¥�¤ã â®çª ¬¨ P (yi(t1)), Q(yi(t2)) ¡ã¤¥¬ ¨¬¥âì
s = t2∫

t1 √
gαβξαξβdt. (2.28)� ª¨¬ ®¡à §®¬, á ¯®¬®éìî ¬¥âà¨ç¥áª®£® â¥§®à  G (2.14) ®¯à¥¤¥«ï¥âáïáª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ (2.21) ¢ V , äã¤ ¬¥â «ì ï ª¢ ¤à â¨ç ï ä®à¬ (2.24) ¨ ¢á¥ ¬¥âà¨ç¥áª¨¥ á®®â®è¥¨ï, á¢ï§ ë¥ á í«¥¬¥â ¬¨ u, v ∈ V .

§ 3. �â®¡à �¥¨¥ V −→ V . �¨¥©ë© ®¯¥à â®à.� âà¨æ  ®¯¥à â®à . �¥§®à ï  «£¥¡à �â ª, ¡ §¨á ei ¨ ª®¡ §¨á ej ¯®à®�¤ îâ ®¢ë¥ ®¡ê¥ªâë | ¤¨ ¤ëei ⊗ ej , ei ⊗ ej , ei ⊗ ej , ei ⊗ ej (3.1)¨ ¤«ï «î¡®£® ¤¨ ¤®£® â¥§®à  T = u⊗ v ®¤®§ ç® ®¯à¥¤¥«ïîâáï ¥£® ª®¬¯®-¥âë ¢ «î¡®¬ ¨§ ¤¨ ¤ëå ¡ §¨á®¢
T = T ij(ei ⊗ ej) = Tij(ei ⊗ ej) = T ·j

i· (ei ⊗ ej) = T i·
·j (ei ⊗ ej). (3.2)Ǒà¨ íâ®¬

T ij = Tej · ei, Tij = Tej · ei, T ·j
i· = Tej · ei, T i·

·j = Tej · ei). (3.3)�§ (3.3) ¢ëâ¥ª ¥â, çâ® ¬ âà¨æ  «î¡ëå (ª®¢ à¨ âëå, ª®âà ¢ à¨ âëå, á¬¥-è ëå) ª®¬¯®¥â â¥§®à  T ®¯à¥¤¥«ï¥âáï ¡ §¨á®¬ (ª®¡ §¨á®¬) ¨ ¤¥©áâ¢¨¥¬â¥§®à    ¢¥ªâ®àë ¡ §¨á  (ª®¡ §¨á ).� áá¬®âà¨¬ ¤¥©áâ¢¨¥ â¥§®à  T = u⊗ v   ¢¥ªâ®àë ¡ §¨á 
Tej = (u⊗ v)ej = (ej · v)u = (ej · vmem)uiei == vju

iei = T i
jei = pj ∈ V.

(3.4)�§ (3.4), (3.3) á«¥¤ã¥â
T i

j = Tej · ei = T i·
·j . (3.5)�á«¨ b = Ta, a ∈ V , â® á ¯®¬®éìî íâ®© �¥ ¬ âà¨æë (T i

j ) ®áãé¥áâ¢«ï¥âáï®â®¡à �¥¨¥ T : a −→ b. � á ¬®¬ ¤¥«¥,
Ta = (u⊗ v)a = am(em · v)u = amvj(em · ej)u == ajvju

iei = T i
ja

jei = biei = b ∈ V



12¨«¨ 

b1
b2
b3 

 = (T i
j ) a1

a2
a3 

 = (T i·
·j ) a1

a2
a3 

 . (3.6)� âà¨æã (T i
j ) ¨§ (3.4){(3.6)  §ë¢ îâ ¬ âà¨æ¥© â¥§®à  T ¢ ¡ §¨á¥ ej .�®¢¥àè¥®   «®£¨ç® ®¯à¥¤¥«ï¥âáï ¬ âà¨æ  (T j

i ) â¥§®à  T ¢ ª®¡ §¨á¥ej

Tej = vjuiei = T j
i ei, T j

i = Tej · ei = T ·j
i· . (3.7)� ¯®¬®éìî íâ®© ¬ âà¨æë ¯à¥®¡à §ãîâáï ª®¢ à¨ âë¥ ª®¬¯®¥âë ¢¥ªâ®à ¯à¨ ®â®¡à �¥¨¨ T : a −→ b



b1
b2
b3 

 = (T j
i ) a1

a2
a3 

 = (T ·j
i· ) a1

a2
a3 

 . (3.8)� ª íâ® á«¥¤ã¥â ¨§ (3.5), (3.7) ¯à¥®¡à §®¢ ¨ï ¡ §¨á  ej ¨ ª®¡ §¨á  ej ¯à¨®â®¡à �¥¨¨ T : V −→ V ®áãé¥áâ¢«ïîâáï á ¯®¬®éìî âà á¯®¨à®¢ ëå ¬ -âà¨æ (T i
J )′, (T j

i )′, â. ¥.

e1e2e3 

 = (T i
j )′  e1e2e3 

 ,



e1e2e3 

 = (T j
i )′  e1e2e3 

 . (3.9)�®à¬ «ì® ¤® á¨å ¯®à à¥çì è«  ® ª®ªà¥â®¬ ¤¨ ¤®¬ â¥§®à¥ T = u⊗ v.�  á ¬®¬ ¤¥«¥ ¯®¤®¡ ï ª®ªà¥â®áâì ¥ ¨¬¥¥â áãé¥áâ¢¥®£® § ç¥¨ï, ¥á«¨£®¢®à¨âì ® â¥§®à¥ T ª ª ® «¨¥©®¬ ®â®¡à �¥¨¨ T : a −→ b. �¥©áâ¢¨â¥«ì®,¯ãáâì   V § ¤   «¨¥© ï ¢¥ªâ®à®§ ç ï äãªæ¨ï ¢¥ªâ®à®£®  à£ã¬¥â b = F (a), a,b ∈ V. (3.10)�®£¤  b = F (a) = F (amem) = amF (em) = ampmem = pm(a · em)em == pm(em ⊗ em)a = ( 3∑
m=1 pm(em ⊗ em))a = ~Ta.�ç¥¢¨¤®, çâ®

bi = ( 3∑
m=1 pm(em ⊗ em))j

i
aj = ~T i

ja
j , ~T i

j = ~Tej · ei.�á«¨ â¥¯¥àì ¯®«®�¨âì pmem = um, â®~T = 3∑
m=1(um ⊗ em). (3.11)Ǒ®íâ®¬ã (3.10) ¬®�® à áá¬ âà¨¢ âì ª ª à¥§ã«ìâ â ¤¥©áâ¢¨ï áã¬¬ë âà¥å ¤¨ ¤(3.11), â. ¥. â¥§®à  à £  ¤¢    ¢¥ªâ®à a. �«ãç © n∑

i=1wi⊗vi á¢®¤¨âáï ª â®«ìª®çâ® à áá¬®âà¥®¬ã, ¨¡®(wi ⊗ vi) = (wi ⊗ vmiem) = (vmiwi ⊗ em) == (um ⊗ em), um = vmiwi, m = 1, 2, 3.�«¥¤®¢ â¥«ì®, ¯à®¨§¢®«ìë© â¥§®à T à £  ¤¢  § ¤ ¥â ¥ª®â®à®¥ «¨¥©®¥®â®¡à �¥¨¥ V −→ V .



13�¯à¥¤¥«¥¨¥. �¨¥©®¥ ®â®¡à �¥¨¥ T ¢¥ªâ®à®£® ¯à®áâà áâ¢  V ¢ á¥-¡ï  §ë¢ ¥âáï â¥§®à®¬ à £  ¤¢ .�¬¥áâ® â¥à¬¨  "«¨¥©®¥ ®â®¡à �¥¨¥" T ç áâ® ¨á¯®«ì§ã¥âáï â¥à¬¨ "«¨¥©-ë© ®¯¥à â®à" T : V −→ V . �®®â¢¥âáâ¢¨¥
T ←→ (T i

j ), T i
j = Tej · ei ¨«¨ T ←→ (T j

i ), T j
i = Tej · ei¯®§¢®«ï¥â áãé¥áâ¢¥ãî ç áâì â¥§®à®©  «£¥¡àë ®â®�¤¥áâ¢¨âì á  «£¥¡à®© ¬ -âà¨æ.Ǒãáâì T , L | «¨¥©ë¥ ®¯¥à â®àë, ª®â®àë¬ ¢ ®¤®¬ ¨ â®¬ �¥ ¡ §¨á¥em á®®â¢¥âáâ¢ãîâ ¬ âà¨æë (T i

j ), (Li
j). Ǒà®¨§¢¥¤¥¨¥ (ª®¬¯®§¨æ¨ï) ®¯¥à â®à®¢

T , L ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬ ®¡à §®¬. �á«¨ L : a → w, T : w → b, â®
M = TL : a→ b. Ǒà¥¤áâ ¢¨¬ ¬ âà¨æã (T ) ¢ ¢¨¤¥  ¡®à  áâà®ª: T = (. . . T i . . . ),¬ âà¨æã (L) ¢ ¢¨¤¥  ¡®à  áâ®«¡æ®¢ L = (. . . Lj . . . ). �®£¤ (M) = (TL) = (. . . T i . . . )(. . . Lj . . . ), M i

j = T i
αL

α
j (3.12)¢ á®®â¢¥âáâ¢¨¨ á ¯à ¢¨«®¬ ã¬®�¥¨ï "áâà®ª    áâ®«¡¥æ". � ®¡é¥¬ á«ãç ¥

TL 6= LT , ¢ ¯à®â¨¢®¬ á«ãç ¥ ®¯¥à â®àë T ¨ L  §ë¢ îâ ª®¬¬ãâ â¨¢ë¬¨.�á«¨ ¢ (3.12) M i
j = δi

j , â® (M) = (TL) = (E) ¨ ®¯¥à â®à L = T−1  §ë¢ ¥âáï®¡à âë¬ ª T . �ç¥¢¨¤®, çâ® TT−1 = T−1T ¨ (T−1) = (T )−1.Ǒãáâì em | áâ àë© ¡ §¨á, êm | ®¢ë© ¨,  ¯à¨¬¥à,êα = ai
αei, ai

α = ∂yi

∂zα

, (A)iα = ai
α. (3.13)Ǒãáâì â ª�¥ (T ) | ¬ âà¨æ  ®¯¥à â®à  T ¢ áâ à®¬ ¡ §¨á¥ em, (T̂ ) | ¢ ®¢®¬êm. � á®®â¢¥âáâ¢¨¨ á (3.13), (3.4)

T êm = Taα
meα = aα

mTeα = aα
mT

i
αei = (AT )imei.� ¤àã£®© áâ®à®ë, ¨§ (3.5) ¢ëâ¥ª ¥â, çâ® T̂α

m = T êm · êα ¨ ¯®íâ®¬ã
T êm = T̂α

mêα = T̂α
ma

i
αei = (T̂A)imei.�«¥¤®¢ â¥«ì®, (T̂A)im = (AT )im, â. ¥.(T̂ ) = (A)(T )(A)−1, (A)iα = ( ∂yi

∂zα

)
. (3.14)�á«¨ ¯¥à¥å®¤ ª ®¢®¬ã ¡ §¨áã ®¯à¥¤¥«ïâì á ¯®¬®éìî ¬ âà¨æë (B) ¯à¥®¡à §®-¢ ¨ï ª®âà ¢ à¨ âëå ª®¬¯®¥â ¢¥ªâ®à  u ∈ V

ûα = bαi u
i, bαi = ∂zα

∂yi

, (B)αi = bαi ,â® ¢ á¨«ã (1.24) (B) = (A)−1 ¨ (3.14) ¬®�® ¯¥à¥¯¨á âì á«¥¤ãîé¨¬ ®¡à §®¬(T̂ ) = (B)−1(T )(B), (B)αi = ∂zα

∂yi

. (3.15)�â ª, ¬ âà¨æë «¨¥©®£® ®¯¥à â®à  (â¥§®à  à £  ¤¢ ) ¢ à §«¨çëå ¡ §¨á å¯®¤®¡ë.� ª íâ® á«¥¤ã¥â ¨§ à ááã�¤¥¨©, ¯à¨¢®¤ïé¨å ª (3.14), ¢ ª ç¥áâ¢¥ (A) ¢(3.14) ¬®�® ¢ë¡à âì «î¡ãî ¥¢ëà®�¤¥ãî ¬ âà¨æã (C), § ¤ îéãî ¢ ª ª®©-«¨¡® ä®à¬¥ ¯¥à¥å®¤ ®â áâ à®£® ¡ §¨á  ª ®¢®¬ã. Ǒ®íâ®¬ã ª �¤®¬ã «¨¥©®¬ã



14®¯¥à â®àã T : V −→ V á®®â¢¥âáâ¢ã¥â ª« áá ¬ âà¨æ (T̂ ), á¢ï§ ëå á (T ) á®®â-®è¥¨ï¬¨ ¯®¤®¡¨ï.�¯¥à â®à (â¥§®à) T ∗  §ë¢ ¥âáï á®¯àï�¥ë¬ ª ®¯¥à â®àã (â¥§®àã) T ,¥á«¨
Tu · v = u · T ∗v, u,v ∈ V. (3.16)�¯¥à â®à (â¥§®à) T  §ë¢ ¥âáï á ¬®á®¯àï�¥ë¬ (á¨¬¬¥âà¨çë¬), ¥á«¨

T = T ∗. �«ï «î¡®£® «¨¥©®£® ®¯¥à â®à  T áãé¥áâ¢ã¥â ¥¤¨áâ¢¥ë© á®¯àï-�¥ë© ®¯¥à â®à T ∗. �¥©áâ¢¨â¥«ì®, ¤«ï «î¡®£® u ∈ V á¯à ¢¥¤«¨¢® à §«®�¥-¨¥ u = umem = (u · em)em ¨ ¯®íâ®¬ã, ¥á«¨ T ∗ áãé¥áâ¢ã¥â, â® ¢ á®®â¢¥âáâ¢¨¨ á(3.16)
T ∗v = (T ∗v · em)em = (v · Tem)em = (em ⊗ Tem)v. (3.17)�§ (3.17) á«¥¤ã¥â, çâ® § ¤ ë© «¨¥©ë© ®¯¥à â®à T ¯®à®�¤ ¥â ¥¤¨áâ¢¥ë©«¨¥©ë© ®¯¥à â®à T ∗. Ǒ®ïâ® â ª�¥, çâ® íª¢¨¢ «¥âë¬ ®¯à¥¤¥«¥¨î T ∗ ¨§(3.16) ¡ã¤¥â ï¢«ïâìáï ®¯à¥¤¥«¥¨¥ T ∗ á ¯®¬®éìî (3.17). �á®,  ª®¥æ, çâ® ¥á«¨

T : V −→ V , â® ¨ T ∗ : V −→ V . �¤ ª® §¤¥áì ã¬¥áâë ¥ª®â®àë¥ ª®¬¬¥â à¨¨.�®�¥áâ¢® ¢¥ªâ®à®¢ a ∈ V , ¤«ï ª®â®àëå Ta = 0,  §ë¢ ¥âáï ï¤à®¬ ®¯¥-à â®à  T : kerT . �®�¥áâ¢® ¢¥ªâ®à®¢ b ∈ V â ª¨å, çâ® b = Ta å®âï ¡ë ¤«ï®¤®£® ¢¥ªâ®à  a ∈ V ,  §ë¢ ¥âáï ®¡à §®¬ ®¯¥à â®à  T : imA. � §«®�¨¬ V ¢¯àï¬ãî áã¬¬ã ¯®¤¯à®áâà áâ¢
V = DT _+ kerT, (3.18)£¤¥ DT ¤®¯®«¥¨¥ ï¤à  ¤® V . � á®®â¢¥âáâ¢¨¨ á (3.18) ¤«ï «î¡®£® a ∈ V ¡ã¤¥¬¨¬¥âì a = a1 + a2, a1 ∈ DT , a2 ∈ kerT.�á«¨ § ¤  «¨¥©ë© ®¯¥à â®à T â ª®©, çâ® b = Ta, â®b = Ta = Ta1 + Ta2 = Ta1.Ǒ®íâ®¬ã «î¡®© ¢¥ªâ®à b ∈ imT ¨¬¥¥â å®âï ¡ë ®¤¨ ¯à®®¡à § ¨§ DT . �â®â ¯à®-®¡à § ï¢«ï¥âáï ¥¤¨áâ¢¥ë¬, â ª ª ª ®¡é¨¬ ¤«ï ¯®¤¯à®áâà áâ¢ DT ¨ kerTï¢«ï¥âáï â®«ìª® ã«¥¢®© ¢¥ªâ®à. � ª¨¬ ®¡à §®¬, «¨¥©ë© ®¯¥à â®à T ãáâ - ¢«¨¢ ¥â ¢§ ¨¬® ®¤®§ ç®¥ á®®â¢¥âáâ¢¨¥ (¨§®¬®àä¨§¬) ¬¥�¤ã ¢¥ªâ®à ¬¨¯®¤¯à®áâà áâ¢ DT ¨ imT . �á«¨ à §¬¥à®áâì (ç¨á«® «¨¥©® ¥§ ¢¨á¨¬ëå ¢¥ª-â®à®¢) ¯à®áâà áâ¢  V ¥áâì n = dimV , â® â¥¯¥àì ¨§ (3.18) á«¥¤ã¥â

n = dim(imT ) + dim(kerT ). (3.19)�¯¥à â®à T  §ë¢ ¥âáï ¥¢ëà®�¤¥ë¬ ¥á«¨ dim(kerT ) = 0. � ª®© ®¯¥à â®à«î¡®© ¡ §¨á V ¯¥à¥¢®¤¨â ¢ ¡ §¨á V , ª ª®¢ë¬ ¬®�® áç¨â âì á¨áâ¥¬ã ¢¥ªâ®-à®¢ Tem ¨§ (3.17). �¥¢ëà®�¤¥®áâì «¨¥©®£® ®¯¥à â®à  T ¢«¥ç¥â §  á®¡®î¥¢ëà®�¤¥®áâì ®¯¥à â®à  T ∗, ¨¡® ¢ ¯à®â¨¢®¬ á«ãç ¥ ¨§ (3.17) ¢ëâ¥ª «® ¡ëáãé¥áâ¢®¢ ¨¥ ¥ã«¥¢®£® ¢¥ªâ®à  v ∈ V , ®àâ®£® «ì®£® ¢á¥¬ ¢¥ªâ®à ¬ ¡ §¨á 
V . �â ª, ¤«ï ¥¢ëà®�¤¥®£® ®¯¥à â®à  T dim(imT ) = dim(imT ∗) = n.Ǒà¨¬¥à ¢ëà®�¤¥®£® (dim kerT 6= 0) ®¯¥à â®à  ¤®áâ ¢«ï¥â ¤¨ ¤ë© ®¯¥-à â®à T = u⊗ v, u,v ∈ V . �¥©áâ¢¨â¥«ì®, ¯® ®¯à¥¤¥«¥¨î

Ta = (u⊗ v)a = (a · v)u¨ ®¯¥à â®à T ®â®¡à � ¥â ¯à®¨§¢®«ìë© ¢¥ªâ®à a ∈ V ¢ ®¤®¬¥à®¥ ¯®¤¯à®-áâà áâ¢®,  âïãâ®¥   ¢¥ªâ®à ¤¨ ¤ë u. Ǒ®íâ®¬ãa ∈ kerT ←→ a · v = 0, dim(kerT ) = n− 1, dim(imT ) = 1.



15Ǒ®áª®«ìªã(u⊗ v)w · p = (w · v)(u · p) = (p · u)(v ·w) = (v ⊗ u)p ·w,â® ¢ á¨«ã (3.16) á®¯àï�¥ë¬ ª T = u⊗ v ¡ã¤¥â ¤¨ ¤ë© ®¯¥à â®à T ∗ = v⊗u.�â®â ®¯¥à â®à â ª�¥ ï¢«ï¥âáï ¢ëà®�¤¥ë¬ ¨a ∈ kerT ∗ ←→ a · u = 0, dim(kerT ∗) = n− 1, dim(imT ∗) = 1.�¨¥© ï ª®¬¡¨ æ¨ï ¤¨ ¤ëå ®¯¥à â®à®¢ u⊗ v, v⊗u ¯à¨¢®¤¨â ª ¢ëà®�¤¥-®¬ã ®¯¥à â®àã ~Ta = α(a · v)u+ β(a · u)v, α 6= 0, β 6= 0.� íâ®¬ á«ãç ¥ ker ~T ¥áâì ®¤®¬¥à®¥ ¯®¤¯à®áâà áâ¢®,  âïãâ®¥   ¢¥ªâ®à ®à-â®£® «ìë© ¯«®áª®áâ¨ ¢¥ªâ®à®¢ u,v. �  á¥© à §dim(ker ~T ) = dim(ker ~T ∗) = 1, dim(im ~T ) = dim(im ~T ∗) = n− 1.�¥¯¥àì ¬ë ¨¬¥¥¬ ¢á¥ ¥®¡å®¤¨¬®¥ ¤«ï â®£®, çâ®¡ë ãâ®ç¨âì à §«®�¥¨¥(3.18). �â ª, ¯ãáâì § ¤  «¨¥©ë© ®¯¥à â®à b = Ta, T : V −→ V . �®£¤ 
Ta · b = a · T ∗b.�á«¨ a ∈ kerT , â® Ta = 0 ¨ a · T ∗b = 0. �â® ®§ ç ¥â, çâ® imT ∗ ¥áâì ¯®¤-¯à®áâà áâ¢®, ®àâ®£® «ì®¥ ª kerT . � á¢®î ®ç¥à¥¤ì ¯®¤¯à®áâà áâ¢® imT®àâ®£® «ì® ª kerT ∗. �,  ª®¥æ, â ª ª ª dim(kerT ) = dim(kerT ∗), â® (3.19)¢¬¥áâ¥ á â®«ìª® çâ® áª § ë¬ ¯®§¢®«ï¥â ãâ¢¥à�¤ âì

V = imT ⊕ kerT ∗ = imT ∗ ⊕ kerT. (3.20)�¨£ãà¨àãîé¨¥ ¢ (3.20) ®àâ®£® «ìë¥ ¯®¤¯à®áâà áâ¢ , ¯®à®�¤ ¥¬ë¥ «¨-¥©ë¬¨ ®¯¥à â®à ¬¨ T , T ∗ ¨£à îâ ¢ �ãî à®«ì ¢ â¥®à¨¨ «¨¥©ëå ®¯¥à â®à-ëå ãà ¢¥¨©
Tu = f , u, f ∈ V. (3.21)�¬¥® ¢ â¥à¬¨ å íâ¨å ¯®¤¯à®áâà áâ¢ ®¡ëç® ä®à¬ã«¨àã¥âáï ª« áá¨ç¥áª ï�¥®à¥¬  �à¥¤£®«ì¬ . �¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®çë¬ ãá«®¢¨¥¬ à §à¥è¨-¬®áâ¨ (á®¢¬¥áâ®áâ¨) «¨¥©®£® ®¯¥à â®à®£® ãà ¢¥¨ï (3.21) ï¢«ï¥âáï ®àâ®-£® «ì®áâì f ª ï¤àã ®¯¥à â®à  T ∗.� ª¨¬ ®¡à §®¬, ¤«ï á®¢¬¥áâ®© § ¤ ç¨ (3.21) f ∈ imT , â. ¥. (f ,ϕ) = 0,

∀ϕ : T ∗ϕ = 0 ¨ ¥á«¨ dim(kerT ∗) = 0, â® § ¤ ç  (3.21) ®¤®§ ç® à §à¥è¨-¬ . �á«¨ f ∈ imT , ® dim(kerT ∗) 6= 0, â® à¥è¥¨¥ § ¤ ç¨ (3.21) áãé¥áâ¢ã¥â ¨®¯à¥¤¥«ï¥âáï á â®ç®áâìî ¤® ¯à®¨§¢®«ì®£® í«¥¬¥â  ï¤à  ®¯¥à â®à  T (à¥è¥-¨¥ ¥¥¤¨áâ¢¥®). �á«¨ �¥ f �∈ imT , â® § ¤ çã (3.21)  §ë¢ îâ ¥á®¢¬¥áâ®©,à¥è¥¨¥ â ª®© § ¤ ç¨ ¢ ®¡ëç®¬ á¬ëá«¥ ¨ ¥ áãé¥áâ¢ã¥â.� ª ã�¥ ãáâ ®¢«¥®, ¨§ ¥¢ëà®�¤¥®áâ¨ ®¯¥à â®à  T ¢ëâ¥ª ¥â ¥¢ëà®-�¤¥®áâì ®¯¥à â®à  T ∗, â. ¥. áãé¥áâ¢®¢ ¨¥ T−1 ¢«¥ç¥â §  á®¡®© áãé¥áâ¢®¢ -¨¥ [T ∗℄−1. �¢ï§ì ¬¥�¤ã ¤¢ã¬ï ¯®á«¥¤¨¬¨ ®¯¥à â®à ¬¨ (â¥§®à ¬¨) § ¤ ¥âáïá«¥¤ãîé¨¬ ®¡à §®¬ [T ∗℄−1 = [T−1℄∗. (3.22)�¥©áâ¢¨â¥«ì®, ¥á«¨ b,v ∈ V | ¯à®¨§¢®«ìë¥ ¢¥ªâ®àë, â® ¥¤¨áâ¢¥ë¬ ®¡à -§®¬ ®¯à¥¤¥«ïîâáï ¢¥ªâ®àë a,u ∈ V â ª¨¥, çâ® Ta = b, T ∗u = v. Ǒ®íâ®¬ãb · [T−1℄∗v = T−1b · v = a · T ∗u = Ta · u = b · [T ∗℄−1v. (3.23)



16�¢¨¤ã ¯à®¨§¢®«ì®áâ¨ ¢¥ªâ®à®¢ b, v (3.22) á«¥¤ã¥â â¥¯¥àì ¨§ (3.23). � «¥¥, ¤«ï¯à®¨§¢®«ìëå ¢¥ªâ®à®¢ u, v ∈ V ¯® ®¯à¥¤¥«¥¨î (3.16) ¨¬¥¥¬u · [TL℄∗v = TLu · v = Lu · Tv = u · L∗T ∗v¨«¨ [TL℄∗ = L∗T ∗. (3.24)�®®â®è¥¨ï (3.22), (3.24) ¬®�® ¡ë«® ¡ë § ¯¨á âì ¢ ¢¨¤¥(T ∗)−1 = (T−1)∗, (TL)∗ = (L∗T ∗),¨á¯®«ì§ãï, ª ª ®¡ëç®, ªàã£«ë¥ áª®¡ª¨ ¯à¨ ®¡®§ ç¥¨¨ ¬ âà¨æë ®¯¥à â®à (â¥§®à  à £  ¤¢ ) ¢ ®â®¡à �¥¨¨ V −→ V . �¤ ª®, ¯®ª  ¥ ®¯à¥¤¥«¥  ¬ -âà¨æ  (T ∗) ª ª ¬ âà¨æ  ®¯¥à â®à  (â¥§®à  à £  ¤¢ ) T ∗ ¢ ª®ªà¥â®¬ ¡ §¨á¥(ª®¡ §¨á¥).�á«¨ à¥çì ¨¤¥â ® ¬ âà¨æ å ª®¢ à¨ âëå ¨«¨ ª®âà ¢ à¨ âëå ª®¬¯®-¥â â¥§®à  T ∗ ¢ ¤¨ ¤ëå ¡ §¨á å ei ⊗ ej , ei ⊗ ej , â® á®¢¥àè¥® ®ç¥¢¨¤®,çâ® (T ∗)ji = (T )ij , (T ∗)ji = (T )ij ,â. ¥. ¬ âà¨æë ®¤®¨¬¥ëå ª®¬¯®¥â â¥§®à®¢ T ¨ T ∗ á¢ï§ ë ¬¥�¤ã á®¡®î®¯¥à æ¨¥© âà á¯®¨à®¢ ¨ï. � ï á¨âã æ¨ï ¨¬¥¥â ¬¥áâ® ¤«ï ¬ âà¨æ T i·
·j , T ·j

i·á¬¥è ëå ª®¬¯®¥â â¥§®à  ¢ ¤¨ ¤ëå ¡ §¨á å ei ⊗ ej , ei ⊗ ej , ª®â®àë¥ á®¡-áâ¢¥® ¨ ®¯à¥¤¥«ïîâ ¬ âà¨æë â¥§®à  (®¯¥à â®à ) T ¢ ¡ §¨á¥ ¨«¨ ª®¡ §¨á¥.Ǒãáâì (tij) ¬ âà¨æ  ®¯¥à â®à  (â¥§®à ) T ¢ ¡ §¨á¥, ¬ âà¨æ  (~tij) | ¢ ª®¡ §¨á¥.� á®®â¢¥âáâ¢¨¨ á (3.3), (3.5), (3.16) ¨¬¥¥¬(tij) = T i·
·j = Tej · ei = ej · T ∗ei = T ∗ei · ej = T ∗·i

j·.�á«¨ ¢¬¥áâ® (3.5) ¯à¨ïâì ¢® ¢¨¬ ¨¥ (3.7), â® á®¢¥àè¥®   «®£¨ç®(~tij) = T ·j
i· = Tej · ei = ej · T ∗ei = T ∗ei · ej = T ∗j·

·i .Ǒ®íâ®¬ã (tij) = (~t∗ji), (~tij) = (t∗ji). (3.25)� ª¨¬ ®¡à §®¬, ¥á«¨ ®¯¥à â®à (â¥§®à) T ¢ ¡ §¨á¥ (ª®¡ §¨á¥) § ¤  ¬ âà¨æ¥©(T ), â® ®¯¥à â®à (â¥§®à) T ∗ ¢ ª®¡ §¨á¥ (¡ §¨á¥) § ¤  ¬ âà¨æ¥© (T )′, âà á¯®-¨à®¢ ®© ª (T ).� §¨á ej á®¢¯ ¤ ¥â á ª®¡ §¨á®¬ ej â®£¤  ¨ â®«ìª® â®£¤ , ¥á«¨ ® ®àâ®®à¬¨-à®¢ ë©. � íâ®¬ á«ãç ¥ ¬ âà¨æë (tij) ¨ (~tij) ¥ à §«¨ç îâáï ¨ ¢¬¥áâ® (3.25)¡ã¤¥¬ ¨¬¥âì (T ) = (T ∗)′.�â ª, ¥á«¨ ¤«ï â¥§®à  T à £  ¤¢ 
T = (T )ij(ei ⊗ ej) = (T )ij(ei ⊗ ej) = (T )·ji· (ei ⊗ ej) = (T )i·

·j(ei ⊗ ej),  ¤«ï á®¯àï�¥®£® â¥§®à  T ∗

T ∗ = (T ∗)ij(ei ⊗ ej)(T ∗)ij(ei ⊗ ej) = (T ∗)·ji· (ei ⊗ ej) = (T ∗)i·
·j(ei ⊗ ej),â® (T ∗)ij = (T )ji, (T ∗)ij = (T )ji, (T ∗)·ji· = (T )j·

·i , (T ∗)i·
·j = (T )·ij·. (3.26)�¥§®à T  §ë¢ ¥âáï á¨¬¬¥âà¨çë¬, ¥á«¨ T = T ∗ ¨  â¨á¨¬¬¥âà¨çë¬(ª®á®á¨¬¬¥âà¨çë¬), ¥á«¨ T = −T ∗. Ǒà®¨§¢®«ìë© â¥§®à T ¥¤¨áâ¢¥ë¬



17®¡à §®¬ ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥ áã¬¬ë á¨¬¬¥âà¨ç®£® ¨ ª®á®á¨¬¬¥âà¨ç®£® â¥-§®à®¢
T = C +D = 12(T + T ∗) + 12(T − T ∗), C = C∗, D = −D∗. (3.27)�á«¨ (cij), (dij) | ¬ âà¨æë â¥§®à®¢ C, D ¢ ®¤®¬ ¨ â®¬ �¥ ¡ §¨á¥ em, â®

cij = cji, dij = −dji. �âáî¤ , ¢ ç áâ®áâ¨, ¢ëâ¥ª ¥â, çâ® ¤«ï ª®á®á¨¬¬¥âà¨ç®£®â¥§®à  dii = 0. �à®¬¥ â®£®,
Du · u = u ·D∗u = −u ·Du −→ Du · u = 0.Ǒ®íâ®¬ã

Tu · u = Cu · u, (3.28)£¤¥ â¥§®à C ®¯à¥¤¥«¥ ¢ (3.27).�«ï ¯à®¨§¢®«ì®© ª¢ ¤à â®© ¬ âà¨æë (A) = (aij) á«¥¤ ¬ âà¨æë: tr(A)®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬ ®¡à §®¬tr(A) = ∑

i

aii. (3.29)�«¥¤ ¤¨ ¤®£® â¥§®à  u⊗ v ¯® ®¯à¥¤¥«¥¨îtr(u⊗ v) = u · v. (3.30)�® u · v = uivi = T i
i = T i·

·i = uiv
i = T i

i = T ·i
i· . (3.31)�§ (3.29){(3.31) ¢ëâ¥ª ¥â, çâ® ¤«ï ¯à®¨§¢®«ì®£® â¥§®à  T à £  ¤¢ trT = T i

i = tr(T i·
·j ) = T i

i = tr(T ·i
j·) = trT ∗. (3.32)� ª¨¬ ®¡à §®¬, á«¥¤ â¥§®à  T á®¢¯ ¤ ¥â á® á«¥¤®¬ «î¡®© ¨§ ¬ âà¨æ á¬¥è -ëå ª®¬¯®¥â ¢ ¤¨ ¤ëå ¡ §¨á å ei ⊗ ej , ej ⊗ ei.Ǒãáâì ¤ «¥¥ â¥§®à T = ML, £¤¥ M { á¨¬¬¥âà¨çë© â¥§®à M = M∗, L {ª®á®á¨¬¬¥âà¨çë© L = −L∗. Ǒãáâì â ª�¥ (tij), (mij), (lij) { ¬ âà¨æë â¥§®à®¢

T , M , L ¢ ®¤®¬ ¨ â®¬ �¥ ¡ §¨á¥. �®£¤  ¢ á®®â¢¥âáâ¢¨¨ á (3.12) tii = miαlαi. �®
miαlαi = mαilαi = −miαliα. Ǒ®íâ®¬ã0 = mαilαi +miαliα = mαilαi +mβklβk = 2mαilαi = 2miαlαi = 2tii.�âáî¤  ¢ëâ¥ª ¥â, çâ®trT = trML = ∑

i

tii = 0, M =M∗, L = −L∗. (3.33)� ¯®¬®éìî ®¯¥à æ¨¨ tr ¬®�® ¢¢¥áâ¨ áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ â¥§®à®¢
T ·M = tr(TM∗) = ∑

i,j

T i·
·jM

j·
·i =M · T. (3.34)�®£¤  ¤«ï "ª¢ ¤à â  ¤«¨ë â¥§®à  T" ¡ã¤¥¬ ¨¬¥âì

|T |2 = T · T = tr(TT ∗) = ∑

i,j

t2ij > 0. (3.35)� �¤ë© â¥§®à à £  ¤¢  ¬®�® ¨â¥à¯à¥â¨à®¢ âì ª ª n2{¬¥àë© ¢¥ªâ®à, £¤¥
n = dimV . �®£¤  (3.34) ¯à¨ á®®â¢¥âáâ¢ãîé¥¬ ¢¢¥¤¥¨¨ ¡ §¨á  ¯à¥¢à é ¥â¬®�¥áâ¢® â¥§®à®¢ à £  ¤¢  ¢ n2{¬¥à®¥ ¢¥ªâ®à®¥ ¥¢ª«¨¤®¢® ¯à®áâà áâ¢®.



18 Ǒãáâì § ¤  «¨¥©ë© ®¯¥à â®à (â¥§®à à £  ¤¢ ) Q : V −→ V . �á«¨ ¯à¨®â®¡à �¥¨¨ v = Qu á®åà ï¥âáï ¤«¨  ¢¥ªâ®à  u, â. ¥.
|u|2 = u · u = Qu ·Qu = v · v = |v|2, (3.36)â® «¨¥©ë© ®¯¥à â®à (â¥§®à) Q  §ë¢ ¥âáï ®àâ®£® «ìë¬. �«ï ®àâ®£® «ì-®£® ®¯¥à â®à  Q ãá«®¢¨¥ (3.36) ¤ ¥â

QQ∗ = Q∗Q = E, Q∗ = Q−1. (3.37)�á«¨ áãé¥áâ¢ã¥â Q−1, â® §  ®¯à¥¤¥«¥¨¥ ®àâ®£® «ì®£® ®¯¥à â®à  ¬®�® ¯à¨-ïâì ¢â®à®¥ ¨§ á®®â®è¥¨© (3.37). �§ (3.35) ¢ëâ¥ª ¥â, çâ®
|Q|2 = tr(QQ∗) = tr(Q∗Q) = tr(E) = n.�á«¨ ~T = QT , â® ¨§ (3.35) ¢ëâ¥ª ¥â â ª�¥ ¨

| ~T |2 = ~T · ~T = tr( ~T ∗ ~T ) = tr(T ∗Q∗QT ) = tr(T ∗T ) = T · T = |T |2.�®«ì ®àâ®£® «ìëå ®¯¥à â®à®¢ (â¥§®à®¢) ¢ ¯à¨«®�¥¨ïå âàã¤® ¯¥à¥®æ¥¨âìã�¥ å®âï ¡ë ¯® â®© ¯à¨ç¨¥, çâ® ¤«ï «¨¥©®£® ®¯¥à â®à®£® ãà ¢¥¨ï (3.21)¯à¨ T = Q, Q∗Q = E ¨¬¥¥¬
Qu = f −→ u = Q∗f . (3.38)� ª ç¥áâ¢¥ ¤®áâ â®ç® ¯à®áâ®£® ¯à¨¬¥à  ®àâ®£® «ì®£® ®¯¥à â®à  ¯à¨¢¥¤¥¬®¯¥à â®à ®âà �¥¨ï

H = E − 2w⊗ww ·w , w ∈ V. (3.39)�ç¥¢¨¤®, çâ® ®¯¥à â®à H á ¬®á®¯àï�¥ë©, â. ¥. H = H∗. � «¥¥
Hu = u− 2(u ·w)ww ·w¨ â®£¤ 

Hu ·Hu = u · u+ 4(u ·w)2w ·w(w ·w)2 − 4(u ·w)2w ·w = u · u.� ª¨¬ ®¡à §®¬, H = H∗ ¨ H∗H = E. �¥à¬¨ "®âà �¥¨¥" ¯à¨¬¥¨â¥«ì® ª H¨§ (3.39) ã¯®âà¥¡«ï¥âáï ¢ á®®â¢¥âáâ¢¨¨ á £¥®¬¥âà¨ç¥áª¨¬ á¬ëá«®¬ ®â®¡à �¥¨ïv = Hu. �á«¨ P | £¨¯¥à¯«®áª®áâì ¢ V á ¢¥ªâ®à®¬ ®à¬ «¨ w,   ¢¥ªâ®àu �∈P , â® ®âà �¥¨¥ u ®â®á¨â¥«ì® P ¤ ¥â ¢¥ªâ®à v. �¨à®ª®¥ ¯à ªâ¨ç¥áª®¥¨á¯®«ì§®¢ ¨¥ ¯à¥®¡à §®¢ ¨ï ®âà �¥¨ï (3.39) ¢ à §«¨çëå ¢ëç¨á«¨â¥«ìëå «£®à¨â¬ å «¨¥©®©  «£¥¡àë ®¡ãá«®¢«¥® á«¥¤ãîé¨¬. �á«¨ u · u = v · v ¨ ¢(3.39) w = u− v, â® v = Hu. �¥©áâ¢¨â¥«ì®,
Hu = u− 2 u ·ww ·ww = u− u(u− v)u(u− v) (u− v) = u− u+ v = v.Ǒ®íâ®¬ã,  ¯à¨¬¥à, ¯à®¨§¢®«ìë© ¢¥ªâ®à u ∈ Vm ⊆ V , m = dimVm ≤ n == dimV á ª®¬¯®¥â ¬¨ u1, . . . , um ¬®�® á ¯®¬®éìî (3.39) ¯¥à¥¢¥áâ¨ ¢ "ã�-ë©" ¢¥ªâ®à v ∈ Vm á ª®¬¯®¥â ¬¨ v1 = ±√u · u, vj = 0, j 6= 1. �¥ªâ®à w ¨§(3.39) ¢ íâ®¬ á«ãç ¥ § ¤ ¥âáï ª®¬¯®¥â ¬¨ u1 = ∓√u · u, u2, . . . , um.�¯à¥¤¥«¨¬,  ª®¥æ, ®¯¥à æ¨î á¢¥àâª¨, ª®â®à ï á¯¥æ¨ä¨ç  ¨¬¥® ¤«ïâ¥§®àëå ®¡ê¥ªâ®¢. �ãâì íâ®© ®¯¥à æ¨¨ § ª«îç ¥âáï ¢ â®¬, çâ® ã ª®¬¯®¥â



19â¥§®àëå ®¡ê¥ªâ®¢ ¯à¨à ¢¨¢ îâáï à §®¨¬¥ë¥ ¨¤¥ªáë, ¢ à¥§ã«ìâ â¥ ¯®-á«¥¤¨¥ áâ ®¢ïâáï ¨¤¥ªá ¬¨ áã¬¬¨à®¢ ¨ï. �¯¥à æ¨ï á¢¥àâª¨ ¯à¨¢®¤¨â ª®¢®¬ã â¥§®à®¬ã ®¡ê¥ªâã ¬¥ìè¥£® à £ . � ¯à¨¬¥à (á¬. (2.17), (2.18)),
uβg

αm −→ uαg
αm = um ←→ Gu = u − ¢¥ªâ®à,

Tβjg
αi −→ Tαjg

αi = T i
j ←→ GT = T − â¥§®à. (3.40)� ª¨¬ ®¡à §®¬, �®£«¨à®¢ ¨¥ ¨¤¥ªá ¬¨ ¥áâì à¥§ã«ìâ â ã¬®�¥¨ï ¥ª®-â®à®£® â¥§®à    ¬¥âà¨ç¥áª¨© â¥§®à ¨ ¤ «ì¥©è¥© á¢¥àâª¥ ¯® ¯ à¥ ¨¤¥ªá®¢à §«¨çëå â¨¯®¢. � «¥¥ (á¬. (2.21), (3.34)),

uiv
j −→ uiv

i = c←→ u · v = c − áª «ïà,
T β

αM
j
i −→ T i

jM
j
i = d←→ T ·M = tr(TM∗) = d − áª «ïà. (3.41)Ǒ®íâ®¬ã áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ â¥§®àëå ®¡ê¥ªâ®¢, § ¤ ëå "á¬¥è ë-¬¨" ª®¬¯®¥â ¬¨, ¬®�® à áá¬ âà¨¢ âì ª ª à¥§ã«ìâ â ã¬®�¥¨ï íâ¨å ®¡ê-¥ªâ®¢ ¨ ¯®á«¥¤ãîé¥£® á¢¥àâë¢ ¨ï. �á«¨ ¯¥à¥¬®� îâáï â¥§®àë¥ ®¡ê¥ªâë,§ ¤ ë¥ ª®¬¯®¥â ¬¨ ®¤®£® â¨¯ , â® ¢ á®®â¢¥âáâ¢¨¨ á (3.40) íâ® ã¬®�¥¨¥á«¥¤ã¥â ¤®¯®«¨âì ã¬®�¥¨¥¬   ¬¥âà¨ç¥áª¨© â¥§®à ¨ ¯à®¢¥áâ¨ á¢¥àâªã ¯®¯ à¥ ¨¤¥ªá®¢. �ª § ®¥ ¯®§¢®«ï¥â à áá¬ âà¨¢ âì á¢¥àâªã â®«ìª® ¤«ï à §®-¨¬¥®© ¯ àë ª®¢ à¨ âëå ¨ ª®âà ¢ à¨ âëå ¨¤¥ªá®¢. �,  ª®¥æ, ¯à¨-¢¥¤¥¬ §¤¥áì ä®à¬ã«ë (3.6), (3.12), ª®â®àë¥ ã�¥ ¥ ã�¤ îâáï ¢ ª®¬¬¥â à¨ïå

T i
αa

j −→ T i
ja

j = bi ←→ Ta = b − ¢¥ªâ®à,
T i

βL
α
j −→ T i

αL
α
j =M i

j ←→ TL =M − â¥§®à. (3.42)�®®â®è¥¨ï (3.41), (3.42) ¯®§¢®«ïîâ áä®à¬ã«¨à®¢ âì ¤®áâ â®ç® ®¡é¨©�¥§®àë© ªà¨â¥à¨©. Ǒãáâì á¢¥àâë¢ ¨¥ ª ª¨å-«¨¡® ¨¤¥ªáëå ¢¥«¨-ç¨ A(αi) á ª®¬¯®¥â ¬¨ â¥§®à  B(βj) ¯à¨¢®¤¨â ª ª®¬¯®¥â ¬ â¥§®à 
C(γm). �®£¤  à áá¬ âà¨¢ ¥¬ë¥ ¢¥«¨ç¨ë A(αi) ï¢«ïîâáï ª®¬¯®¥â ¬¨ â¥§®-à . �¨¯ íâ¨å ª®¬¯®¥â (ª®¢ à¨ âë©, ª®âà ¢ à¨ âë©, á¬¥è ë©) ®¯à¥-¤¥«ï¥âáï â¨¯®¬ ¨¤¥ªá®¢.Ǒà ªâ¨ç¥áª®¥ ¨á¯®«ì§®¢ ¨¥ íâ®£® ªà¨â¥à¨ï ¯à®¨««îáâà¨àã¥¬   ¯à®áâ¥©è¥¬¯à¨¬¥à¥ ¯¥à¢®© £àã¯¯ë á®®â®è¥¨© ¨§ (3.41). Ǒãáâì vj { ª®âà ¢ à¨âë¥ª®¬¯®¥âë ¢¥ªâ®à  (â¥§®à  à £  ®¤¨). Ǒ®áª®«ìªã c { â¥§®à ã«¥¢®£® à -£ , â® ¢ á®®â¢¥âáâ¢¨¨ á ªà¨â¥à¨¥¬ ¢¥«¨ç¨ë ui ï¢«ïîâáï ª®¢ à¨ âë¬¨ ª®¬-¯®¥â ¬¨ ¢¥ªâ®à . � á ¬®¬ ¤¥«¥,

uiv
i = c = ûj v̂

j = ûjb
j
iv

i.�«¥¤®¢ â¥«ì®, ui = bji ûj = ∂zj

∂yi

ûj ¨«¨ ûj = ai
jui = ∂yi

∂zj

ui, â. ¥. ¯à¨ á¬¥¥ ª®®à-¤¨ â ¨¤¥ªáë¥ ¢¥«¨ç¨ë ui ¤¥©áâ¢¨â¥«ì® ¯à¥®¡à §ãîâáï ª ª ª®¢ à¨ âë¥ª®¬¯®¥âë ¢¥ªâ®à .�á«¨ à áá¬ âà¨¢ âì â¥§®à à £  ¤¢  T ª ª «¨¥©ë© ®¯¥à â®à T ¯à¨ ®â®-¡à �¥¨¨ V −→ V , â® ®á®¡ë© ¨â¥à¥á ¯à¥¤áâ ¢«ïîâ â ª¨¥ ¢¥ªâ®àë ϕ, ª®â®àë¥â¥§®à®¬ T ¯à¥®¡à §ãîâáï ¢ ¢¥ªâ®àë, ®â«¨ç îé¨¥áï ®â ¨áå®¤ëå â®«ìª® ç¨-á«®¢ë¬ ¬®�¨â¥«¥¬ λ, â. ¥.
Tϕ = λϕ, ϕ 6= 0. (3.43)



20�¥ªâ®àë ϕ ¨§ (3.43)  §ë¢ îâ £« ¢ë¬¨ (á®¡áâ¢¥ë¬¨) ¢¥ªâ®à ¬¨ â¥§®à  T ,  á®®â¢¥âáâ¢ãîé¨¥ ¨¬ ç¨á«  λ { £« ¢ë¬¨ (á®¡áâ¢¥ë¬¨) § ç¥¨ï¬¨. �®-®â®è¥¨¥ (3.43), ª®â®à®¥ ¬®�® ¯¥à¥¯¨á âì ¢ ¢¨¤¥ (T − λG)ϕ = 0 ¯®à®�¤ ¥âç¥âëà¥ à §«¨çëå ¯® ä®à¬¥ ãà ¢¥¨ïdet(Tβm − λgβm) = 0, det(T ·α
β· − λgα

β ) = 0det(T βm − λgβm) = 0, det(T β·
·α − λgβ

α) = 0 (3.44)�¤ ª® ¢ á¨«ã (2.18), (2.19)
Tβmg

mα = T ·α
β· , gβmg

mα = gα
β¨ ¯®íâ®¬ã (Tβm − λgβm)gmα = T ·α

β· − λgα
β . (3.45)� ª ª ª

T βmgmα = T β·
·α , gβmgmα = gβ

α,â® ¨ (T βm − λgβm)gmα = T β·
·α − λgβ

α. (3.46)�,  ª®¥æ,
T ·α

β· − λgα
β = gβm(Tm·

·i − λδm
i )gim. (3.47)� âà¨æë (T ·α

β· − λgα
β ) ¨ (Tm·

·i − λδm
i ) ¢ (3.47) ¯®¤®¡ë, á«¥¤®¢ â¥«ì®, ¨§ (3.45){(3.47) ¢ëâ¥ª ¥â, çâ® ãà ¢¥¨ï (3.44) ¨¬¥îâ ®¤¨ ª®¢ë¥ ª®à¨. �«ï ®¯à¥¤¥«¥-®áâ¨ ¯®¤ ¬ âà¨æ¥© â¥§®à  T − λG ¡ã¤¥¬ ¯®¨¬ âì ¥£® ¬ âà¨æã ¢ ¡ §¨á¥, çâ®á®®â¢¥âáâ¢ã¥â § ¤ ¨î á®¡áâ¢¥®£® ¢¥ªâ®à  ϕ ª®âà ¢ à¨ âë¬¨ ª®¬¯®¥-â ¬¨ ¨ å à ªâ¥à¨áâ¨ç¥áª®¬ã ãà ¢¥¨îdet(T β

α − λδβ
α) = |T β

α − λδβ
α| = 0. (3.48)�á®¢ë¬ ¤«ï ¤ «ì¥©è¥£® ¡ã¤¥â á«ãç ©, ª®£¤  dimV = 3 ¨ T = T ∗. Ǒ®-á«¥¤¥¥ ®§ ç ¥â, çâ® ª®à¨ å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢¥¨ï (3.48) ¢¥é¥áâ¢¥-ë. � áªàë¢ ï (3.48) ¯® áâ¥¯¥ï¬ λ, ¯®«ãç¨¬

λ3 − J1λ2 + J2λ− J3 = 0, (3.49)£¤¥
J1 = tr(T ), J2 = 12(Tα

α T
β
β − T β

αT
α
β ), J3 = det(T )¨«¨, ¯® â¥®à¥¬¥ �¨¥â 

J1 = λ1 + λ2 + λ3, J2 = λ1λ2 + λ1λ3 + λ2λ3, J3 = λ1λ2λ3.� ª ¬ë ã�¥ ã¡¥¤¨«¨áì, ª®à¨ å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢¥¨ï λi ¥ § ¢¨áïâ®â ¡ §¨á , ¢ ª®â®à®¬ â¥§®à T ¯à¥¤áâ ¢«¥ ¬ âà¨æ¥© (T ). Ǒ®íâ®¬ã áª «ïàë¥¢¥«¨ç¨ë J1, J2, J3 ¥ § ¢¨áïâ ®â á¨áâ¥¬ë ª®®à¤¨ â, â. ¥. ï¢«ïîâáï ¨¢ -à¨ â ¬¨ â¥§®à  T . �ª § ®¥ ¥ ®§ ç ¥â, çâ® ®â ¢ë¡®à  ¡ §¨á  ¥ § ¢¨á¨âáâàãªâãà  ¬ âà¨æë â¥§®à  T . �®«¥¥ â®£®, ¥áâ¥áâ¢¥® ¤ �¥ ¯®áâ ¢¨âì § ¤ çã®¡ ®âëáª ¨¨ ¡ §¨á  (ª ®¨ç¥áª®£®), ¢ ª®â®à®¬ (T ) ¨¬¥¥â  ¨¡®«¥¥ ¯à®áâãîáâàãªâãàã.Ǒãáâì ¢ (3.49) λ1 6= λ2 6= λ3. �á«¨ Tϕi = λϕi, Tϕj = λjϕj , â® ¢ á¨«ã T = T ∗(λi−λj)ϕi ·ϕj = 0. Ǒ®íâ®¬ã £« ¢ë¥ (á®¡áâ¢¥ë¥) ¢¥ªâ®àë á¨¬¬¥âà¨ç®£® â¥-§®à  T , á®®â¢¥âáâ¢ãîé¨¥ à §«¨çë¬ á®¡áâ¢¥ë¬ § ç¥¨ï¬, ®àâ®£® «ìë. �à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ íâ® ¢«¥ç¥â §  á®¡®© «¨¥©ãî ¥§ ¢¨á¨¬®áâì á¨áâ¥¬ë
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ϕ1, ϕ2, ϕ3 ¨¡® ¨§ αϕ1 + βϕ2 + γϕ3 = 0 ¥¬¥¤«¥® á«¥¤ã¥â α = β = γ = 0.�ë¡¥à¥¬ ϕi §  ¡ §¨á ¨ ¢ëç¨á«¨¬ ¬ âà¨æã (T ) ¢ íâ®¬ ¡ §¨á¥. �á«¨ b = Ta, â®

Ta = Taiϕi = aiλiϕi = biϕi,çâ® ¢ ¬ âà¨ç®© § ¯¨á¨ ®§ ç ¥â (áà ¢¨ á (3.6))b = 

b1
b2
b3 

 = 

λ1 0 00 λ2 00 0 λ3 




a1
a2
a3 

 = (T i·
·j )a = (T )a (3.50)�á«¨ ϕi { ¡ §¨á, â® ª®¡ §¨á ϕj ®¤®§ ç® ®¯à¥¤¥«ï¥âáï ãá«®¢¨ï¬¨ ϕi · ϕj =

δj
i . Ǒ® ¯à¥¤¯®«®�¥¨î T = T ∗, ¯®íâ®¬ã, ª ª ¬ë ¢¨¤¥«¨ ϕi · ϕj = 0. �á«¨¤®¯®«¨â¥«ì® áç¨â âì ¢¥ªâ®àë ϕi ¥¤¨¨çë¬¨: ϕi · ϕi = 1, â® ¡ §¨á ϕi ¨ª®¡ §¨á ϕj ¥ à §«¨ç îâáï. � §¨á, á®áâ ¢«¥ë© ¨§ ¥¤¨¨çëå á®¡áâ¢¥ëå(£« ¢ëå) ¢¥ªâ®à®¢ â¥§®à  T  §ë¢ ¥âáï ª ®¨ç¥áª¨¬. � âà¨æ  (T ) â¥§®à 
T ¢ íâ®¬ ¡ §¨á¥ | ¤¨ £® «ì ï, â. ¥. (T ) = � = diag(λi). �à®¬¥ â®£®,(Tij) = (T ij) = (T i·

·j ) = (T ·j
i· ) = �,  â¥§®à T ¢ ¤¨ ¤®¬ ¡ §¨á¥ ¯à¥¤áâ ¢«ï¥âáï á«¥¤ãîé¨¬ ®¡à §®¬

T = λi(ϕi ⊗ϕi), Tϕi = λiϕi, T = T ∗, ϕi ·ϕj = δij . (3.51)Ǒãáâì á®¢  λ1 6= λ2 6= λ3, ® T 6= T ∗. � ¢ íâ®¬ á«ãç ¥ á¨áâ¥¬  £« ¢-ëå ¢¥ªâ®à®¢ â¥§®à  T ï¢«ï¥âáï «¨¥©® ¥§ ¢¨á¨¬®©. �¥©áâ¢¨â¥«ì®, ¥á«¨u = λϕi + βϕ2 + γϕ3 = 0, â® Tu = 0, TTu = 0, ¨«¨(A)αϕ1
βϕ2
γϕ3 

 = 


1 1 1
λ1 λ2 λ3
λ21 λ22 λ32 




αϕ1
βϕ2
γϕ3 

 = 0.Ǒ®áª®«ìªã ϕi 6= 0,   det(A) = (λ2 − λ1)(λ3 − λ1)(λ3 − λ2) 6= 0, â® α = β = γ = 0.Ǒ®íâ®¬ã §  ¡ §¨á ¬®�® ¯à¨ïâì á¨áâ¥¬ã £« ¢ëå ¢¥ªâ®à®¢ â¥§®à  T . � ª®¡ §¨á ϕj ¯à¨¬¥¬ á¨áâ¥¬ã £« ¢ëå ¢¥ªâ®à®¢ â¥§®à  T ∗ : T ∗ϕj = µjϕ
j , çâ®á®®â¢¥âáâ¢ã¥â áâ ¤ àâ®¬ã ®¯à¥¤¥«¥¨î ϕi ·ϕj = δj

i . � á ¬®¬ ¤¥«¥,
λiϕi ·ϕi = Tϕi ·ϕi = ϕi · T ∗ϕi = µiϕi ·ϕj¨ ¯®íâ®¬ã µi = λi. �¨áâ¥¬ë ¢¥ªâ®à®¢ ϕi, ϕj ®¯à¥¤¥«¥ë á â®ç®áâìî ¤® ®à-¬¨à®¢ª¨. �®�® áç¨â âì, çâ® ϕi ·ϕi = 1. � «¥¥,0 = Tϕi ·ϕj −ϕi · T ∗ϕj = (λi − λj)ϕi ·ϕj .�«¥¤®¢ â¥«ì®, ¤¥©áâ¢¨â¥«ì® ϕi · ϕj = δj

i . � âà¨æë â¥§®à  T ¢ ¡ §¨á¥ (T i·
·j )¨ ¢ ª®¡ §¨á¥ (T ·j

i· ) ï¢«ïîâáï ¤¨ £® «ìë¬¨: (T i·
·j ) = � = (T ·j

i· ),   ¤«ï ¤¨ ¤®£®¯à¥¤áâ ¢«¥¨ï â¥§®à  T ¡ã¤¥¬ ¨¬¥âì
T = λi(ϕi ⊗ϕi) = λi(ϕi ⊗ϕi). (3.52)� á«ãç ¥ ªà âëå á®¡áâ¢¥ëå § ç¥¨© ¯à¨¢¥¤¥¬ §¤¥áì â®«ìª® ¤¨ ¤ë¥¯à¥¤áâ ¢«¥¨ï á¨¬¬¥âà¨ç®£® â¥§®à  T . �á«¨ λ1 6= λ2 = λ3, â®

T = λ1(ϕ1 ⊗ϕ1) + λ2[(ϕ2 ⊗ϕ2) + (ϕ3 ⊗ϕ3)℄, ϕi ·ϕj = δij . (3.53)�á«¨,  ª®¥æ, λ1 = λ2 = λ3, â®
T = λ1(ϕi ⊗ϕi), (3.54)�® â®£¤  ¤«ï ¯à®¨§¢®«ì®£® u ∈ V Tu = λ1u, â. ¥. u ï¢«ï¥âáï á®¡áâ¢¥ë¬¢¥ªâ®à®¬ â¥§®à  T . � íâ®¬ á«ãç ¥ á¨¬¬¥âà¨çë© â¥§®à  §ë¢ îâ è à®¢ë¬.�«ï â ª®£® â¥§®à  á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥¨¥ T = λG, £¤¥ λ { áª «ïà, G {¬¥âà¨ç¥áª¨© â¥§®à.
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§ 4. �®¢ à¨ â®¥ ¤¨ää¥à¥æ¨à®¢ ¨¥.�¥§®àë©   «¨§Ǒãáâì § ¤   ªà¨¢®«¨¥© ï á¨áâ¥¬  ª®®à¤¨ â y1, y2, y3 á ¥áâ¥áâ¢¥ë¬¡ §¨á®¬ ei ¨ ª®¡ §¨á®¬ ei. �á«¨ u = uiei = uiei, â®

∂u
∂yj

= ∂

∂yj

(ui · ei) = ∂um

∂yj

em + ui ∂ei

∂yj

(4.1)
∂u
∂yj

= ∂

∂yj

(ui · ei) = ∂um

∂yj

em + ui

∂ei

∂yj

(4.2)�¨¬¢®«ë �à¨áâ®ää¥«ï (¢â®à®£® à®¤ ) ®¯à¥¤¥«¨¬ á«¥¤ãîé¨¬ ®¡à §®¬
∂ei

∂yj

= �m
ijem,

∂ei

∂yj

· em = �m
ij . (4.3)� ª ª ª 0 = ∂

∂yj

(eα · eβ) = ∂eα

∂yj

· eβ + ∂eβ

∂yj

· eα = �β
αj + �α

βj ,â®
∂ei

∂yj

= −�i
mjem,

∂ei

∂yj

· em = −�i
mj . (4.4)�â ª, ¯® ®¯à¥¤¥«¥¨î, á¨¬¢®«ë �à¨áâ®ää¥«ï ¢â®à®£® à®¤  § ¤ îâ ª®íää¨æ¨-¥âë à §«®�¥¨ï ¯à®¨§¢®¤®© ¢¥ªâ®à®¢ ¡ §¨á  (ª®¡ §¨á ) ¯® ¢¥ªâ®à ¬ ¡ §¨á (ª®¡ §¨á ). �¥¯¥àì ¨§ (4.1){(4.4) ¯®«ãç ¥¬

∂u
∂yj

= ∂um

∂yj

em + ui�m
ijem = (∂um

∂yj

+ ui�m
ij

)em ≡ ∇ju
mem (4.5)

∂u
∂yj

= ∂um

∂yj

em − ui�i
mjem = (∂um

∂yj

− ui�i
mj

)em ≡ ∇jumem. (4.6)Ǒ®¤ç¥àªãâë¥ ¢ (4.5), (4.6) ¢ëà �¥¨ï ®¯à¥¤¥«ïîâ ª®¢ à¨ âë¥ ¯à®¨§¢®¤ë¥¯® yi ª®âà ¢ à¨ âëå ∇ju
m ¨«¨ ª®¢ à¨ âëå ∇jum ª®¬¯®¥â ¢¥ªâ®à  u.�â ª| ª®¬¯®¥âë ¯à®¨§¢®¤®© ¢¥ªâ®à  u ¯® yj ¢ ¡ §¨á¥ em à ¢ë ª®¢ à¨- âë¬ ¯à®¨§¢®¤ë¬ ¯® yj ª®âà ¢ à¨ âëå ª®¬¯®¥â ¢¥ªâ®à  u,| ª®¬¯®¥âë ¯à®¨§¢®¤®© ¢¥ªâ®à  u ¯® yj ¢ ª®¡ §¨á¥ em à ¢ë ª®¢ à¨- âë¬ ¯à®¨§¢®¤ë¬ ¯® yj ª®¢ à¨ âëå ª®¬¯®¥â ¢¥ªâ®à  u.Ǒ® ®¯à¥¤¥«¥¨î

∂u
∂yj

= ∇ju
mem ↔ ∇ju

m = ∂u
∂yj

·em,
∂u
∂yj

= ∇jumem ↔ ∇jum = ∂u
∂yj

·em (4.7)�¬¥® ¢¢¥¤¥¨¥ ª®¢ à¨ â®£® ¤¨ää¥à¥æ¨à®¢ ¨ï ¯®§¢®«ï¥â á®åà ¨âì ¥-¨§¬¥ë¬ ¯à ¢¨«® ¤¨ää¥à¥æ¨à®¢ ¨ï ¢¥ªâ®à . � ªà¨¢®«¨¥©®© á¨áâ¥¬¥ ª®-®à¤¨ â y1, y2, y3 íâ® ¯à ¢¨«® (4.7) â ª®¥ �¥, ª ª ¨ ¢ ¯àï¬®ã£®«ì®© ¤¥ª àâ®¢®©á¨áâ¥¬¥ ª®®à¤¨ â x1, x2, x3. �¥©áâ¢¨â¥«ì®, å®âï ¢ á¨áâ¥¬¥ x1, x2, x3 um = um,  ¡ §¨áë¥ ®àâë qm = qm ¯®áâ®ïë, â¥¬ ¥ ¬¥¥¥
∂u
∂xj

= ∂um

∂xj

qm ↔
∂um

∂xj

= ∂u
∂xj

· qm,
∂u
∂xj

= ∂um

∂xj

qm ↔ ∂um

∂xj

= ∂u
∂xj

· qm. (4.8)�¥¯¥àì ®áâ ¥âáï áà ¢¨âì (4.7) ¨ (4.8).



23�¯®á®¡ ä ªâ¨ç¥áª®£® ¢ëç¨á«¥¨ï ª®¢ à¨ â®© ¯à®¨§¢®¤®©∇j ª®¬¯®¥â¢¥ªâ®à  u ¤ îâ ä®à¬ã«ë
∇ju

m = ∂um

∂yj

+ ui�m
ij , ∇jum = ∂um

∂yj

− ui�i
mj . (4.9)�®¢ à¨ âãî ¯à®¨§¢®¤ãî ∇j ¢¥ªâ®à®¢ eα, eβ ¬®�® ®¯à¥¤¥«¨âì ¨§ (4.9),¯®¤áâ ¢¨¢ ¢¬¥áâ® ª®¢ à¨ â®© uα (ª®âà ¢ à¨ â®© uβ) ª®¬¯®¥âë u ¢¥ªâ®à¡ §¨á  eα (ª®¡ §¨á  eβ). �®£¤  ¢ á¨«ã ®¯à¥¤¥«¥¨ï á¨¬¢®«®¢ �à¨áâ®ää¥«ï(¯¥à¢ ï £àã¯¯  ä®à¬ã« (4.3), (4.4)) ¯®«ãç¨¬

∇jem = ∂em

∂yj

+ ei�m
ij = 0, ∇jem = ∂em

∂yj

− ei�i
mj = 0, (4.10)â. ¥. ª®¢ à¨ âë¥ ¯à®¨§¢®¤ë¥ ¢¥ªâ®à®¢ ¡ §¨á  ¨ ª®¡ §¨á  à ¢ë ã«î

∇jem = 0, ∇jem = 0. (4.11)�«ï ¯à®¨§¢®«ì®£® u ∈ V íâ® ¤ ¥â
∇ju = ∇j(umem) = ∇ju

mem + um(∇jem) = ∇ju
mem = ∂u

∂yj

∇ju = ∇j(umem) = ∇jumem + um(∇jem) = ∇jumem = ∂u
∂yjǑ®íâ®¬ã ¯à¨ ¤¨ää¥à¥æ¨à®¢ ¨¨ ¢¥ªâ®à  u ∈ V á¨¬¢®«ë ∇j , ∂

∂yj

¬®�® ¥à §«¨ç âì.�®ç® â ª�¥ ¥ à §«¨ç îâáï íâ¨ á¨¬¢®«ë ¨ ¯à¨ ¤¨ää¥à¥æ¨à®¢ ¨¨ áª -«ïà®© äãªæ¨¨ ϕ(M) = ϕ(x) = ϕ(y), ¨¡® ¯® ®¯à¥¤¥«¥¨î
∇jϕ = ∂ϕ

∂yj

(4.12)� (4.12) ¬ë ¨¬¥¥¬ ¤¥«® á ¨¤¥ªáë¬¨ ®¡ê¥ªâ ¬¨. � ª®¢  ¨å ¯à¨à®¤ ? Ǒ®-áª®«ìªã
∂ϕ

∂yj

= ∂ϕ

∂xi

∂xi

∂yj

←→ ∇jϕ(y) = ∂xi

∂yj

∇iϕ(x),â® ¢ á®®â¢¥âáâ¢¨¨ á   «¨â¨ç¥áª¨¬ ®¯à¥¤¥«¥¨¥¬ ¢¥ªâ®à  ¨¤¥ªáë¥ ¢¥«¨ç¨-ë (4.12) ï¢«ïîâáï ª®¢ à¨ âë¬¨ ª®¬¯®¥â ¬¨ ¥ª®â®à®£® ¢¥ªâ®à . �â®â¢¥ªâ®à  §ë¢ îâ £à ¤¨¥â®¬ ϕ(M) (£à ¤¨¥â®¬ áª «ïà®£® ¯®«ï ϕ(M)) ¨ ¨á-¯®«ì§ãîâ ®¡®§ ç¥¨ï ∇ϕ ¨«¨ grad ϕ:
∇ϕ ≡ grad ϕ = ∂ϕ

∂yi

ei = ∇iϕei. (4.13)�á®¡® ®â¬¥â¨¬, çâ® ¥á«¨ u = grad ϕ, â® ®â®¡à �¥¨¥ grad : R3 −→ V ¯®¢ëè ¥âà £ â¥§®à®£® ¯®«ï.�¡à â¨¬áï á®¢  ª (4.5), (4.6)
∂u
∂yj

= ∇jumem,
∂u
∂yj

= ∇ju
mem. (4.14)� (4.14) ®¤¨ ¨ â®â �¥ ¢¥ªâ®à ∂u

∂yj

¬®�® à áá¬ âà¨¢ âì:



24 | «¨¡® ª ª à¥§ã«ìâ â á¢¥àâª¨ ¨¤¥ªá®© ¢¥«¨ç¨ë ∇juα á ¢¥ªâ®à®¬ em(m = α),| «¨¡® ª ª à¥§ã«ìâ â á¢¥àâª¨ ¨¤¥ªá®© ¢¥«¨ç¨ë ∇ju
α á ¢¥ªâ®à®¬ em(m = α).Ǒ®íâ®¬ã ¢ á®®â¢¥âáâ¢¨¨ á â¥§®àë¬ ªà¨â¥à¨¥¬ ¢¥«¨ç¨ë∇jum ¨∇ju

m § ¤ îâª®¢ à¨ âë¥ ¨ á¬¥è ë¥ ª®¬¯®¥âë ®¤®£® ¨ â®£® �¥ â¥§®à  à £  ¤¢ 
T = ∂u

∂yj

⊗ ej = ∇jum(em ⊗ ej) = ∇ju
m(em ⊗ ej). (4.15)�â ª, ¢ (4.15) Tmj = ∇jum, Tm·

·j = ∇ju
m. � á¨«ã (2.18) (¯à ¢¨«® �®£«¨à®¢ ¨ï¨¤¥ªá ¬¨) ¨¬¥¥¬

Tm·

·j = ∇ju
m = gmαTαj = gmα∇juα.� ¤àã£®© áâ®à®ë, ¢ á¨«ã (2.17) (®¯ïâì â® �¥ ¯à ¢¨«® �®£«¨à®¢ ¨ï)
um = gmαuα.�«¥¤®¢ â¥«ì®,

∇j(gmαuα) = gmα∇juα.�â® ®§ ç ¥â, çâ®
∇jg

mα = 0. (4.16)� «®£¨çë¥ à ááã�¤¥¨ï ¯à¨¢®¤ïâ ª
∇jgmα = 0, ∇jg

m
α = 0. (4.17)�®®â®è¥¨ï (4.16), (4.17) ®§ ç îâ, çâ® ª®¢ à¨ â ï ¯à®¨§¢®¤ ï ¬¥âà¨ç¥-áª®£® â¥§®à  à ¢  ã«î. �â ª, (4.11), (4.16), (4.17) ¯®§¢®«ïîâ á¤¥« âì ¢ë¢®¤,çâ® ¯à¨ ª®¢ à¨ â®¬ ¤¨ää¥à¥æ¨à®¢ ¨¨ eα, eα, gmα, gm

α , gmα á«¥¤ã¥â à á-á¬ âà¨¢ âì ª ª ¯®áâ®ïë¥.�â® ª á ¥âáï (4.15), â® â¥§®à T à £  ¤¢  á ª®¬¯®¥â ¬¨ Tmj = ∇jum ¨«¨
Tm·

·j = ∇ju
m  §ë¢ îâ £à ¤¨¥â®¬ ¢¥ªâ®à  u (£à ¤¨¥â®¬ ¢¥ªâ®à®£® ¯®«ï u)¨ ¨á¯®«ì§ãîâ ®¡®§ ç¥¨ï gradu ¨«¨ ∇u:

T = gradu ≡ ∇u = ∇jum(em ⊗ ej) = ∇ju
m(em ⊗ ej) (4.18)� âà¨æ  (∇ju

m) § ¤ ¥â ¬ âà¨æã â¥§®à  T ¢ ¡ §¨á¥ em ¯à¨ ®â®¡à �¥¨¨
T : V −→ V . � ª ¨ ¢ (4.13) ®â®¡à �¥¨¥ grad : u −→ T ¯®¢ëè ¥â   ¥¤¨-¨æã à £ â¥§®à®£® ¯®«ï.�ª § ®£® ® ª®¢ à¨ â®¬ ¤¨ää¥à¥æ¨à®¢ ¨¨ ã�¥ ¤®áâ â®ç® ¤«ï â®£®,çâ®¡ë ä®à¬ «¨§®¢ âì ã�®¥ ¤«ï  è¨å æ¥«¥© ¯®ïâ¨¥ "¤¨ää¥à¥æ¨à®¢ ¨¥".Ǒãáâì ϕ { ¥ª®â®à ï äãªæ¨ï á  à£ã¬¥â®¬ u ∈ Rn (n-¬¥à®¥ ¥¢ª«¨¤®¢® ¯à®-áâà áâ¢®) ¨ § ç¥¨ï¬¨ ϕ ∈ Rm (m-¬¥à®¥ ¥¢ª«¨¤®¢® ¯à®áâà áâ¢®). � íâ®¬á«ãç ¥ ¯à¨ïâ® £®¢®à¨âì ® ¢¥ªâ®à®¬ ¯®«¥ ϕ, § ¤ ®¬   Rn ¨ ¨á¯®«ì§®¢ âì®¡®§ ç¥¨¥ ϕ : Rn −→ Rm.�®¢®àïâ, çâ® ¢¥ªâ®à®¥ ¯®«¥ ϕ(u) ¤¨ää¥à¥æ¨àã¥¬® ¢ â®çª¥ u ∈ Rn, ¥á«¨áãé¥áâ¢ã¥â «¨¥©ë© ®¯¥à â®à L, ®â®¡à � îé¨© Rn ¢ Rm ¨ â ª®©, çâ® ¤«ï«î¡®£® v ∈ Rn

ϕ(u+ v)− ϕ(u) = Lv + o(v), (4.19)£¤¥ |o(v)| ¢¥«¨ç¨  ¡®«¥¥ ¢ëá®ª®£® ¯®àï¤ª  ¬ «®áâ¨, ç¥¬ |v|, â.¥.
|o(v)|
|v| −→ 0, ¯à¨ v −→ 0. (4.20)



25�â®¡à �¥¨¥ («¨¥©ë© ®¯¥à â®à) L : Rn −→ Rm  §ë¢ îâ £à ¤¨¥â®¬ ¢¥ª-â®à®£® ¯®«ï ϕ(u) ¨ ¨á¯®«ì§ãîâ ®¡®§ ç¥¨ï gradϕ(u), ∇ϕ(u), ϕ′(u). �â¬¥â¨¬,çâ® â¥à¬¨ ®â®¡à �¥¨¥ ¯®«®áâìî á®®â¢¥âáâ¢ã¥â áãé¥áâ¢ã ¤¥« . �¥¢ ï ç áâì¢ (4.19) ï¢«ï¥âáï í«¥¬¥â®¬ ¨§ Rm,   ¢ ¯à ¢®© ç áâ¨ (4.19) u ∈ Rn. Ǒ®íâ®¬ãá â®ç®áâìî ¤® ¡¥áª®¥ç® ¬ «ëå í«¥¬¥â®¢ o(v) L : Rn −→ Rm. �§ (4.20)â ª�¥ ¢ëâ¥ª ¥â, çâ® á ¬® ®¯à¥¤¥«¥¨¥ L á¢ï§ ® á ¬¥âà¨ª®© ¢ Rn. �«ï Rn = V¬¥âà¨ª  § ¤ ¥âáï ¯®áà¥¤áâ¢®¬ (2.22), (2.24).�á«¨ ®¯¥à â®à L ¨§ (4.19), (4.20) áãé¥áâ¢ã¥â, â® á â®çª¨ §à¥¨ï ¥£® ¥¯®áà¥¤-áâ¢¥®£® ¢ëç¨á«¥¨ï ¡®«¥¥ ¯à¨¥¬«¥¬ë¬ ï¢«ï¥âáï ®¯à¥¤¥«¥¨¥ L ¯®áà¥¤áâ¢®¬à ¢¥áâ¢ 
Lv = lim

t→0 ϕ(u+ tv)− ϕ(u)
t

= ∂

∂t
ϕ(u+ tv)|t = 0. (4.21)� ª ã�¥ £®¢®à¨«®áì, ¢¢¥¤¥¨¥ á¨áâ¥¬ë ª®®à¤¨ â ¢ Rn ¯®§¢®«ï¥â ®â®�¤¥áâ¢¨âìâ®ç¥ç®¥ ¯à®áâà áâ¢® M(y1, . . . , yn) ∈ Rn (â®ç¥¥, ¥£® ç áâì) á n-¬¥àë¬ ¢¥ª-â®àë¬ ¥¢ª«¨¤®¢ë¬ ¯à®áâà áâ¢®¬ u ∈ V . Ǒ®íâ®¬ã, ®¯à¥¤¥«ïï äãªæ¨î ϕ  

V ¬®�® áç¨â âì ¥¥ äãªæ¨¥© ª®®à¤¨ â ¢¥ªâ®à . �«ï ã¯à®é¥¨ï § ¯¨á¨ ¬®�-® â ª�¥ áç¨â âì, çâ® ¤¥ª àâ®¢ë ª®®à¤¨ âë â®çª¨M ¢ ¡ §¨á¥ q1, . . . ,qm ®¯à¥-¤¥«ïîâ ª®âà ¢ à¨ âë¥ ª®¬¯®¥âë ¢¥ªâ®à  x : ϕ(M) = ϕ(x) = ϕ(x1, ..., xn).Ǒãáâì â¥¯¥àì ¢ (4.19){(4.21) n > m = 1. � íâ®¬ á«ãç ¥ ϕ { áª «ïà ïäãªæ¨ï ¢¥ªâ®à®£®  à£ã¬¥â  x,   Lv { «¨¥© ï ¢¥é¥áâ¢¥ ï äãªæ¨ï («¨-¥©ë© äãªæ¨® «)  à£ã¬¥â  v. Ǒ® â¥®à¥¬¥ �¨áá  áãé¥áâ¢ã¥â ¥¤¨áâ¢¥ë©¢¥ªâ®à w ∈ V â ª®©, çâ®
Lv = w · v. (4.22)�¬¥® íâ®â ¢¥ªâ®à  §ë¢ îâ £à ¤¨¥â®¬ äãªæ¨¨ ϕ ¢ â®çª¥ x ∈ V (M ∈ Rn)¨ ®¡®§ ç îâ ª ª w = gradϕ(x) = ∇ϕ(x). �®à¬ã«  (4.21) ¤ ¥âgradϕ · v = lim

t→0 ϕ(x+ tv)− ϕ(x)
t

= ∂

∂t
ϕ(x+ tv)|t = 0 == ∂

∂t
ϕ(x1 + tv1, . . . , xn + tvn)|t = 0 = ∑

i

∂ϕ

∂xi
vi. (4.23)�â ª, ¥á«¨ n > m = 1, â® ¢ ¤¥ª àâ®¢®¬ ¡ §¨á¥∇ϕ(x) ¥áâì ¢¥ªâ®à á ª®¬¯®¥â ¬¨

∂ϕ

∂xi
, â. ¥. ∇ϕ = ∂ϕ

∂xi
qi. �â®à®© ç«¥ ¢ (4.23) ¬®�® ¨â¥à¯à¥â¨à®¢ âì ª ª¯à®¨§¢®¤ãî ϕ′(x) ¢  ¯à ¢«¥¨¨ ¢¥ªâ®à  v. Ǒ®á«¥¤¨© ¢á¥£¤  ¬®�® áç¨â âì¥¤¨¨çë¬. �® â®£¤  ¢ á¨«ã (2.23)gradϕ · v = w · v = √w ·w os(ŵ,v).Ǒ®íâ®¬ã ¬ ªá¨¬ã¬ ¯à®¨§¢®¤®© ϕ′(x) ¤®áâ¨£ ¥âáï ¯à¨ os(ŵ,v) = 0, â. ¥. ¢ ¯à ¢«¥¨¨ gradϕ. �â®  ¯à ¢«¥¨¥ á®®â¢¥âáâ¢ã¥â  ¯à ¢«¥¨î  ¨¡®«ìè¥£®à®áâ  äãªæ¨¨ ϕ(M) = ϕ(x1, . . . , xn), ¯à®â¨¢®¯®«®�®¥ {  ¯à ¢«¥¨î  ¨¡®«ì-è¥£® ã¡ë¢ ¨ï.�àã£®© ¢ �ë© ¢ ¯à¨«®�¥¨ïå á«ãç © { íâ® n = m. �®£¤  ¬ë ¨¬¥¥¬ ¤¥«®á ¢¥ªâ®à®© äãªæ¨¥© ¢¥ªâ®à®£®  à£ã¬¥â  ¨ ¢ ¤¥ª àâ®¢®¬ ¡ §¨á¥

ϕ = ϕi(x)qi.� ª ¥âàã¤® ¯®ïâì, â¥¯¥àì L { â¥§®à à £  ¤¢  ¨ ¢ á®®â¢¥âáâ¢¨¨ á (4.21)(Lv)i = ∂

∂t
ϕi(x1 + tv1, . . . , xn + tvn)|t = 0 = ∑

j

∂ϕi

∂xj
vj .



26Ǒ®íâ®¬ã â¥§®àã L = ∇ϕ ¢ ¡ §¨á¥ qm á®®â¢¥âáâ¢ã¥â ¬ âà¨æ  á¬¥è ëå ª®¬-¯®¥â (L) = (Li·
·j) = 



∂ϕ1
∂x1 . . .

∂ϕ1
∂xn

. . .

∂ϕn

∂x1 . . .
∂ϕn

∂xn


 . (4.24)�âã ¬ âà¨æã ç áâ®  §ë¢ îâ ¬ âà¨æ¥© �ª®¡¨ á¨áâ¥¬ë äãªæ¨© ϕi(x).�é¥ à § ®â¬¥â¨¬, çâ® ¢ ®¡®¨å á«ãç ïå: n > m = 1 ¨ n = m ¤¥ª àâ®¢® ®¯¨-á ¨¥ ¯à¨¬¥ï¥âáï «¨èì ¤«ï ¬ ªá¨¬ «ì®£® ã¯à®é¥¨ï § ¯¨á¨ ¢ (4.21). �á«¨¯à¨ ®¯¨á ¨¨ ®â®¡à �¥¨ï L : Rn −→ Rm ¨á¯®«ì§®¢ âì ¥áâ¥áâ¢¥ë© ¡ §¨áem ¨ ª®¡ §¨á em, á¢ï§ ë¥ á ªà¨¢®«¨¥©®© á¨áâ¥¬®© ª®®à¤¨ â y1, . . . , yn, â®(4.21) ¤ ¥â

n > m = 1 : L = gradϕ(y) = ∂ϕ

∂yi

ei, ä®à¬ã«  (4.13),
n = m : L = gradϕ = ∇jϕ

i(ei ⊗ ej), ä®à¬ã«  (4.18),£¤¥ ∇j { á¨¬¢®« ª®¢ à¨ â®£® ¤¨ää¥à¥æ¨à®¢ ¨ï (á¬. (4.5), (4.6), (4.14)). �, ª®¥æ, ¢¬¥áâ® (4.24) ¡ã¤¥¬ ¨¬¥âì(L) = (Li·
·j) = 


∇1ϕ1 . . . ∇nϕ

1
. . .
∇1ϕn . . . ∇nϕ

n


� ª íâ® á«¥¤ã¥â ¨§ (4.9), ª®¢ à¨ â®¥ ¤¨ää¥à¥æ¨à®¢ ¨¥ ª®¬¯®¥â ¢¥ª-â®à  u á¢ï§ ® á  å®�¤¥¨¥¬ á¨¬¢®«®¢ �à¨áâ®ää¥«ï ¢â®à®£® à®¤ . �®à¬ «ì-® íâ¨ á¨¬¢®«ë § ¤ ë á®®â®è¥¨ï¬¨ (4.3), ª®â®àë¥ ¬®�® ¯®«®�¨âì ¢ ®á®¢ã¯à¨ ¨å ¢ëç¨á«¥¨¨. �¤ ª® áãé¥áâ¢ã¥â ¡®«¥¥ ¯à®áâ®© á¯®á®¡ ®¯à¥¤¥«¥¨ï �m

ij ,¥¯®áà¥¤áâ¢¥® ç¥à¥§ ª®¬¯®¥âë ¬¥âà¨ç¥áª®£® â¥§®à  G.Ǒà¥�¤¥ ¢á¥£® ®â¬¥â¨¬, çâ® á¨¬¢®«ë �à¨áâ®ää¥«ï á¨¬¬¥âà¨çë ¯® ¨�-¨¬ ¨¤¥ªá ¬. �¥©áâ¢¨â¥«ì®,�m
ij = em · ∂ei

∂yj

= em · ∂

∂yj

( ∂r
∂yi

) = em · ∂
∂yi

( ∂r
∂yj

) = em · ∂ej

∂yi

= �m
ji . (4.25)Ǒ® ®¯à¥¤¥«¥¨î gij = ei · ej ¨ ¯®íâ®¬ã

∂gij

∂yα

= ∂ei

∂yα

· ej + ∂ej

∂yα

· ei.� á¨«ã (4.3)
∂ei

∂yα

· ej = �m
iαem · ej = �m

iαgmj

∂ej

∂yα

· ei = �m
jαem · ei = �m

jαgmi.�«¥¤®¢ â¥«ì®,
∂gij

∂yα

= �m
iαgmj + �m

jαgmi. (4.26)�®¢¥àè¥®   «®£¨ç®
∂gαj

∂yα

= �m
αigjm + �m

jigmα,
∂gαi

∂yα

= �m
αjgim + �m

ij gαm. (4.27)



27Ǒ®áª®«ìªã gmα = gαm, â® (4.25){(4.27) ¤ îâ2�m
ijgmα = ∂gαj

∂yi

+ ∂gαi

∂yj

− ∂gij

∂yα

. (4.28)�«¥¤ã¥â â¥¯¥àì á¢¥àãâì (4.28) á 12gαβ ¨ ãç¥áâì (2.19): gαmg
αβ = δβ

m, çâ®¡ë¯®«ãç¨âì ã�ë© à¥§ã«ìâ â�m
ij = 12gαm

(∂gαj

∂yi

+ ∂gαi

∂yj

− ∂gij

∂yα

)
. (4.29)�«ï ®àâ®£® «ì®© ªà¨¢®«¨¥©®© á¨áâ¥¬ë ª®®à¤¨ â y1, . . . , yn áãé¥áâ¢¥®ã¯à®é îâáï ¯à¥®¡à §®¢ ¨ï, ¯à¨¢®¤ïé¨¥ ª (4.29), â ª çâ® ¢ íâ®¬ á«ãç ¥ ¡ã¤¥¬¨¬¥âì (¯® i, j ¥ áã¬¬¨à®¢ âì)�j

jj = 12gjj ∂gjj

∂yj

, �j
ji = 12gjj ∂gjj

∂yi

, �j
ii = −12gjj ∂gii

∂yj

. (4.30)� § ª«îç¥¨¥ ®â¬¥â¨¬, çâ® ¨¤¥ªáë¥ ¢¥«¨ç¨ë �m
ij (á¨¬¢®«ë �à¨áâ®ää¥-«ï) ¥ ï¢«ïîâáï â¥§®àë¬¨ ª®¬¯®¥â ¬¨. �¥©áâ¢¨â¥«ì®, ¢ æ¨«¨¤à¨ç¥áª®©á¨áâ¥¬¥ ª®®à¤¨ â (®àâ®£® «ì ï á¨áâ¥¬ ):

x1 = y1 os y2, x2 = y1 sin y2, x3 = y3,
g11 = 1, g22 = 1

y21 , g33 = 1, gim = 0, i 6= m,

g11 = 1, g22 = y21 , g33 = 1, gim = 0, i 6= m

(4.31)áãé¥áâ¢ãîâ ®â«¨çë¥ ®â ã«ï á¨¬¢®«ë �à¨áâ®ää¥«ï. �å «¥£ª® ¢ëç¨á«¨âì á¯®¬®éìî (4.30) { íâ® �221 = 1
y1 , �122 = − 1

y1 . � ¤àã£®© áâ®à®ë, ¢ ¤¥ª àâ®¢®©á¨áâ¥¬¥ ª®®à¤¨ â x1, x2, x3 ¢á¥ á¨¬¢®«ë �à¨áâ®ää¥«ï à ¢ë ã«î. �®£« á-® ®¯à¥¤¥«¥¨î (2.1) â¥§®àë¥ ª®¬¯®¥âë ¯®¤®¡ë¬ á¢®©áâ¢®¬ ®¡« ¤ âì ¥¬®£ãâ.�â ª, § ¤ ¨¥ ¬¥âà¨ç¥áª®£® â¥§®à  G ¯®«®áâìî ®¯à¥¤¥«ï¥â ∇ju
m, ∇jum.�ç¥¢¨¤®, çâ®

∇j(αum + βvm) = α∇ju
m + β∇jv

m, α = onst ., β = onst .�â¬¥â¨¬ â ª�¥, çâ® ¯à ¢¨«® ª®¢ à¨ â®£® ¤¨ää¥à¥æ¨à®¢ ¨ï ¯à®¨§¢¥¤¥¨ï
∇j(vium) â ª®¥ �¥, ª ª ¨ ¯à¨ ®¡ëç®¬ ¤¨ää¥à¥æ¨à®¢ ¨¨ ∂

∂yj

(vium). �¥©-áâ¢¨â¥«ì®, ¨¤¥ªáë¥ ¢¥«¨ç¨ë vium ¬®�® à áá¬ âà¨¢ âì (á¬. (2.4)) ¢ ª ç¥-áâ¢¥ ª®âà ¢ à¨ âëå ª®¬¯®¥â ¥ª®â®à®£® â¥§®à  à £  ¤¢ :
T = T im(ei ⊗ em). �®£¤  (áà ¢¨ á (4.1), (4.2))

∂T

∂yj

= ∂T im

∂yj

(ei ⊗ em) + T im
(∂ei

∂yj

⊗ em

)+ T im
(ei ⊗

∂em

∂yj

) == ∂T im

∂yj

(ei ⊗ em) + T im�β
ij(eβ ⊗ em) + T im�β

mj(ei ⊗ eβ) == ∂T im

∂yj

(ei ⊗ em) + T βm�i
βj(ei ⊗ em) + T iβ�m

βj(ei ⊗ em) == (∂T im

∂yj

+ T βm�i
βj + T iβ�m

βj

)(ei ⊗ em). (4.32)



28� ®¤®© áâ®à®ë, (4.32) ¯à¨¢®¤¨â ª ®¯à¥¤¥«¥¨î ª®¢ à¨ â®© ¯à®¨§¢®¤®©ª®âà ¢ à¨ âëå ª®¬¯®¥â â¥§®à  à £  ¤¢ 
∂T

∂yj

= (∂T im

∂yj

+ T βm�i
βj + T iβ�m

βj

)(ei ⊗ em) = ∇jT
im(ei ⊗ em), (4.33)  á ¤àã£®© áâ®à®ë, § ¤ ¥â ¯à ¢¨«® ª®¢ à¨ â®£® ¤¨ää¥à¥æ¨à®¢ ¨ï, ¯à®-¨§¢¥¤¥¨ï, ¨¡® ¢ á¨«ã T im = vium

∇j(vium) = ∂

∂yj

(vium) + vβum�i
βj + viuβ�m

βj == (∂vi

∂yj

+ vβ�i
βj

)
um + (∂vm

∂yj

+ uβ�m
βj

)
vi = um∇jv

i + vi∇ju
m

(4.34)�¢®©áâ¢® á¨¬¬¥âà¨¨ á¨¬¢®«®¢ �à¨áâ®ää¥«ï ¯® ¨�¨¬ ¨¤¥ªá ¬ (4.25)¯à¥¤¯®« £ ¥â, çâ®
∂2r

∂yi∂yj

= ∂2r
∂yj∂yi

. (4.35)� ª ¨§¢¥áâ® ¨§   «¨§ , § ª®®áâì ¨§¬¥¥¨ï ¯®àï¤ª  ¤¨ää¥à¥æ¨à®¢ ¨ï ¢(4.35) ®¡¥á¯¥ç¨¢ ¥âáï ¥¯à¥àë¢®áâìî á¬¥è ëå ¯à®¨§¢®¤ëå. � ª ®¡áâ®¨â¤¥«® ¯à¨ ª®¢ à¨ â®¬ ¤¨ää¥à¥æ¨à®¢ ¨¨? �á«¨ ¢®á¯®«ì§®¢ âìáï (4.9), â®¬®�® ¯®«ãç¨âì
∇j∇iu

m −∇i∇ju
m = (∂�m

αi

∂yj

−
∂�m

αj

∂yi

+ �m
βj�β

αi − �m
βi�β

αj

)
uα. (4.36)�§   «¨â¨ç¥áª®£® ®¯à¥¤¥«¥¨ï â¥§®à  (2.1) ¢ëâ¥ª ¥â, çâ® «¥¢ ï ç áâì ¢ (4.36)§ ¤ ¥â ª®¬¯®¥âë â¥§®à  à £  âà¨: T ··m

ij· = (∇j∇i−∇i∇j)um. �â¨ â¥§®àë¥ª®¬¯®¥âë ¯®«ãç¥ë ¢ à¥§ã«ìâ â¥ á¢¥àâë¢ ¨ï (α = γ) ¨¤¥ªáëå ¢¥«¨ç¨
R···m

ijγ· = ∂�m
γi

∂yj

−
∂�m

γj

∂yi

+ �m
βj�β

γi − �m
βi�β

γj (4.37)á ª®¬¯®¥â ¬¨ ¢¥ªâ®à  uα. �  ®á®¢ ¨¨ â¥§®à®£® ªà¨â¥à¨ï § ª«îç ¥¬,çâ® ¢¥«¨ç¨ë R···m
ijγ· ï¢«ïîâáï ª®¬¯®¥â ¬¨ â¥§®à  ç¥â¢¥àâ®£® à £ . �£®  -§ë¢ îâ â¥§®à®¬ �¨¬  -�à¨áâ®ää¥«ï. � ª¨¬ ®¡à §®¬ ¢®¯à®á ® § ª®®áâ¨¨§¬¥¥¨ï ¯®àï¤ª  ª®¢ à¨ â®£® ¤¨ää¥à¥æ¨à®¢ ¨ï á¢ï§  á ¢®¯à®á®¬ ®¡ãá«®¢¨ïå ®¡à é¥¨ï ¢ ã«ì â¥§®à  �¨¬  -�à¨áâ®ää¥«ï.�¥à¬¨ "¥¢ª«¨¤®¢® ¯à®áâà áâ¢®" ã¯®âà¥¡«ï«áï ã�¥ ¥ ®¤¨ à §. Ǒ¥à-¢® ç «ì® à¥çì è«  ®¡  à¨ä¬¥â¨§ æ¨¨ â®ç¥ç®£® ¯à®áâà áâ¢  ¯®áà¥¤áâ¢®¬¢¢¥¤¥¨ï ª®®à¤¨ â ¨ ®â®�¤¥áâ¢«¥¨¨ ¥£® á ¢¥ªâ®àë¬ ¯à®áâà áâ¢®¬ V (u):

Rn(M)←→ Rn(x1, . . . , xn) −→ Rn(y1, . . . , yn)←→ V (u).� â¥¬ à¥çì è«  ® ¬¥âà¨ª¥ ¯à®áâà áâ¢  V (u). �¢¥¤¥ ï á ¯®¬®éìî äã¤ ¬¥-â «ì®£® â¥§®à  G ¬¥âà¨ª  (2.24) § ¢¨á¨â ®â â®çª¨ M , ¨¡® G = G(M). �¤ ª®®¯à¥¤¥«¥¨¥ ¥áâ¥áâ¢¥®£® ¡ §¨á  (ª®¡ §¨á ) ®á®¢ ®   ¯à¥¤¯®«®�¥¨¨ ® áã-é¥áâ¢®¢ ¨¨ á¨áâ¥¬ë ª®®à¤¨ â, ¢ ª®â®à®© G ¥ § ¢¨á¨â ®â M . � ª®¢®© ¤«ï á ï¢«ï« áì ¤¥ª àâ®¢  ¯àï¬®ã£®«ì ï á¨áâ¥¬  ª®®à¤¨ â x1, . . . , xn. Ǒ®íâ®-¬ã, £®¢®àï ®¡ ¥¢ª«¨¤®¢®¬ ¯à®áâà áâ¢¥, ¬ë ¯®áâã«¨àã¥¬ áãé¥áâ¢®¢ ¨¥ ¢ íâ®¬¯à®áâà áâ¢¥ ¬¥âà¨ç¥áª®£® â¥§®à  G, ¤«ï ª®â®à®£® gim = δim. �«ï â ª®£®¯à®áâà áâ¢  ¢ á¨«ã (4.29), (4.37) â¥§®à �¨¬  -�à¨áâ®ää¥«ï à ¢¥ ã«î.



29� ¢¥àè ï à áá¬®âà¥¨¥ á¢®©áâ¢ ª®¢ à¨ â®£® ¤¨ää¥à¥æ¨à®¢ ¨ï, ¯à¨-¢¥¤¥¬ ¯à ¢¨«  ¢ëç¨á«¥¨ï £à ¤¨¥â  ®â ¯à®¨§¢¥¤¥¨ï äãªæ¨© ¢¥ªâ®à®£®  à-£ã¬¥â  á® § ç¥¨ï¬¨ à §«¨çëå â¨¯®¢: ϕf , ϕf , ϕ · f . �â ª,
∇(ϕf) = f∇ϕ+ ϕ∇f, ϕ = ϕ(y), f = f(y),
∇(ϕf) = f ⊗∇ϕ+ ϕ∇f , ϕ = ϕ(y), f = f(y),
∇(ϕ · f) = [∇ϕ℄∗f + [∇f ℄∗ϕ, ϕ = ϕ(y), f = f(y). (4.38)� àï¤ã á ®¯¥à æ¨¥© £à ¤¨¥â: grad (·) ≡ ∇(·) ¢¢¥¤¥¬ ¢ à áá¬®âà¥¨¥ ®¯¥à -æ¨î ¤¨¢¥à£¥æ¨ï: div (·), ª®â®à ï â ª�¥ á¢ï§   á ª®¢ à¨ âë¬ ¤¨ää¥à¥æ¨-à®¢ ¨¥¬. �á«¨ ϕ(y){ ¢¥ªâ®à ï äãªæ¨ï ¢¥ªâ®à®£®  à£ã¬¥â , â® ¯® ®¯à¥¤¥-«¥¨î divϕ = tr(∇ϕ) = ∇mϕ

m. (4.39)� (4.39) ∇mϕ
m { áª «ïà, â ª çâ® ®¯¥à æ¨ï div ¯®¨� ¥â à £ ¢¥ªâ®à®£® ¯®«ï.�¨¢¥à£¥æ¨ï â¥§®à®£® ¯®«ï T à £  ¤¢  ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬ ®¡à §®¬:(div T ) · a = div (T ∗a), ∀a ∈ V, (4.40)£¤¥ a { ¯à®¨§¢®«ìë©, ® ¯®áâ®ïë© ¢¥ªâ®à. � ¯à ¢®© ç áâ¨ (4.40) T ∗a {¢¥ªâ®à, ®¯¥à æ¨ï div ®â ª®â®à®£® ®¯à¥¤¥«¥  ¢ (4.39). � ¤ ¤¨¬ â¥§®à T ª®-âà ¢ à¨ âë¬¨ ª®¬¯®¥â ¬¨ T im. �®£¤ (T ∗a)i = n∑

m=1Tmiam.Ǒ®íâ®¬ã div (T ∗a) = n∑

i=1∇i

n∑

m=1Tmiam = n∑

m=1 n∑

i=1∇iT
miam.�ç¨âë¢ ï â¥¯¥àì ®¯à¥¤¥«¥¨¥ (4.40) ¨ ¯à®¨§¢®«ì®áâì ¢¥ªâ®à  a ¢ íâ®¬ ®¯à¥-¤¥«¥¨¨, ¯®«ãç ¥¬(div T )m = n∑

i=1∇iT
mi, div T = ( n∑

i=1∇iT
mi

)em. (4.41)�â ª, div T { ¢¥ªâ®à, ª®âà ¢ à¨ âë¥ ª®¬¯®¥âë ª®â®à®£® § ¤ ë ¢ (4.41).�«ï ¢ëç¨á«¥¨ï ∇iT
mi á«¥¤ã¥â ¨á¯®«ì§®¢ âì ä®à¬ã«ã (4.32), â ª çâ®
∇iT

mi = ∂Tmi

∂yi

+ T βi�m
βi + Tmβ�i

βi. (4.42)�â¬¥â¨¬, çâ® ª ª ¨ ¢ á«ãç ¥ (4.39), ®¯¥à æ¨ï div T ¯®¨� ¥â à £ â¥§®à®-£® ¯®«ï. �â¬¥â¨¬ â ª�¥, çâ® ¥á«¨ â¥§®à T ¢ (4.40) § ¤ âì ª®¢ à¨ âë¬¨ª®¬¯®¥â ¬¨ Tij , â® ¢¬¥áâ® (4.41) ¡ã¤¥¬ ¨¬¥âì(div T )j = n∑

i=1∇iTji, div T = ( n∑

i=1∇iTji

)ej . (4.43)�â® �¥ ª á ¥âáï ä ªâ¨ç¥áª®£® ¢ëç¨á«¥¨ï ∇iTji, â® ¢á¥ á¢¥¤¥âáï ª (4.42), ¨¡®¢ á®®â¢¥âáâ¢¨¨ á (2.18) ¨ (4.17)
Tji = gαjgβiT

αβ , ∇iTji = gαjgβi∇iT
αβ .



30 Ǒà¨¢¥¤¥¬ ¤ «¥¥ ¯à ¢¨«  ¢ëç¨á«¥¨ï ¤¨¢¥à£¥æ¨¨ ®â ¯à®¨§¢¥¤¥¨ï äãª-æ¨© ¢¥ªâ®à®£®  à£ã¬¥â  á® § ç¥¨ï¬¨ à §«¨çëå â¨¯®¢. �á«¨ ϕ = ϕ(y),  f = f(y), â® div (ϕf) = f · gradϕ+ ϕdiv f . (4.44)�á«¨ �¥ T = ϕ(y),   f = f(y), â®div (T f) = (div T ∗) · f + tr(Tgrad f). (4.45)�«ï á¨¬¬¥âà¨ç®£® â¥§®à  T = T ∗ ®¡ëç® ¨á¯®«ì§ã¥âáï ¨ ï ä®à¬  § -¯¨á¨ (4.45). Ǒ® ®¯à¥¤¥«¥¨î, grad f ï¢«ï¥âáï â¥§®à®¬ á ª®¬¯®¥â ¬¨ ∇jf
i.�®

∇jf
i = 12(∇jf

i +∇if
j) + 12(∇jf

i −∇if
j) = Li

j +M j
i , (4.46)çâ® á®®â¢¥âáâ¢ã¥â áâ ¤ àâ®¬ã ¯à¥¤áâ ¢«¥¨î (3.27) ¯à®¨§¢®«ì®£® â¥§®à  ¢¢¨¤¥ áã¬¬ë á¨¬¬¥âà¨ç®£® ¨ ª®á®á¨¬¬¥âà¨ç®£® â¥§®à®¢grad f = L+M, L = L∗, M = −M∗.�®£¤  ¢ á¨«ã (3.33), (3.34)tr(Tgrad f) = tr(TL) = T · L.Ǒ®íâ®¬ã ¤«ï T = T ∗ ¯à ¢ ï ç áâì (4.45) § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥ áã¬¬ë ¤¢ãå áª -«ïàëå ¯à®¨§¢¥¤¥¨© ¨ div (T f) = div T · f + T · L, (4.47)£¤¥ L { á¨¬¬¥âà¨ç ï ç áâì â¥§®à  grad f . � á«ãç ¥ ¯àï¬®ã£®«ì®© ¤¥ª àâ®¢®©á¨áâ¥¬ë ª®®à¤¨ â (4.44) ¨ (4.47) á¢®¤ïâáï ª å®à®è® ¨§¢¥áâë¬ ¨§   «¨§ ä®à¬ã« ¬ ¤¨ää¥à¥æ¨à®¢ ¨ï ¯à®¨§¢¥¤¥¨ï

∂

∂xj

(ϕf j) = f j ∂ϕ

∂xj

+ ϕ
∂f j

∂xj

∂

∂xj

(Tjif
i) = f i ∂Tji

∂xj

+ Tji

∂f i

∂xj

.� á«ãç ¥ n = 3 ª®á®á¨¬¬¥âà¨çë© â¥§®à T = −T ∗, £¤¥ T = 2M ,  M ®¯à¥-¤¥«¥ ¢ (4.46) ¯®à®�¤ ¥â ®¢ë© ¢¥ªâ®àë© ®¡ê¥ªâ: rot f , ¤«ï ª®â®à®£® ¯à¨ïâ á«¥¤ãîé ï á¨¬¢®«¨ç¥áª ï ä®à¬  § ¯¨á¨v = rot f = ∇× f = ∣∣∣∣∣∣

e1 e2 e3
∇1 ∇2 ∇3
f1 f2 f3 ∣∣∣∣∣∣

(4.48)� áªàë¢ ï ®¯à¥¤¥«¨â¥«ì ¢ (4.48), ¯®«ãç¨¬rot f = (∇2f3 −∇3f2)e1 + (∇3f1 −∇1f3)e2 + (∇1f2 −∇2f1)e3 = viei. (4.49)�à §ã �¥ ®â¬¥â¨¬, çâ® div rot f = 0, rot gradϕ = 0. (4.50)�¥©áâ¢¨â¥«ì®, ¯®áª®«ìªã ¯à®áâà áâ¢® R3 ï¢«ï¥âáï ¥¢ª«¨¤®¢ë¬, â® ¢ á¨«ã(4.49)div v = ∇iv
i = ∇1(∇2f3 −∇3f2) +∇2(∇3f1 −∇1f3) +∇3(∇1f2 −∇2f1) =



31= (∇1∇2 −∇2∇1)f3 + (∇3∇1 −∇1∇3)f2 + (∇2∇3 −∇3∇2)f1 = 0.� «¥¥, £à ¤¨¥â áª «ïà®£® ¯®«ï ϕ(y) § ¤ ¥âáï ª®¢ à¨ âë¬¨ ª®¬¯®¥â ¬¨
∇j = ∂ϕ

∂yj

(á¬. (4.12)). Ǒ®íâ®¬ã ¯à¨ ®¯à¥¤¥«¥¨¨ ¢¥ªâ®à®£® ®¡ê¥ªâ  rot gradϕá«¥¤ã¥â ¢ (4.48) áâà®ªã ¨§ ¢¥ªâ®à®¢ ¡ §¨á  ei § ¬¥¨âì   áâà®ªã ¨§ ¢¥ªâ®à®¢ª®¡ §¨á  ei,   áâà®ªã f1, f2, f3 á«¥¤ã¥â § ¬¥¨âì   áâà®ªã ∇1ϕ, ∇2ϕ, ∇3ϕ.�¥¯¥àì, çâ®¡ë ã¡¥¤¨âìáï ¢ á¯à ¢¥¤«¨¢®áâ¨ ¢â®à®£® ¨§ á®®â®è¥¨© (4.50), ®áâ -¥âáï à áªàëâì ¯à¥®¡à §®¢ ë© ãª § ë¬ ®¡à §®¬ ®¯à¥¤¥«¨â¥«ì (4.48). �®£¤ rot gradϕ = (∇2∇3 −∇2∇3)ϕe1 + (∇1∇3 −∇1∇3)ϕe2 + (∇1∇2 −∇1∇2)ϕe3 = 0.� ¯®¬®éìî ¤¨ää¥à¥æ¨ «ìëå ®¯¥à æ¨© ¯¥à¢®£® ¯®àï¤ª : grad (·), div (·),rot (·) ¬®�® ®¯à¥¤¥«¨âì ¤¨ää¥à¥æ¨ «ìë¥ ®¯¥à æ¨¨ ¡®«¥¥ ¢ëá®ª®£® ¯®àï¤ª .� ¯à¨¬¥à, ¥á«¨ ϕ = ϕ(x) { áª «ïà ï äãªæ¨ï ¢¥ªâ®à®£®  à£ã¬¥â , â® ¢¤¥ª àâ®¢®© á¨áâ¥¬¥ ª®®à¤¨ âdiv gradϕ = n∑

i=1 ∂2
∂x2i ϕ ≡ −�ϕ. (4.51)�¯¥à â®à −div grad : R1 −→ R1 ¢ (4.51)  §ë¢ îâ ®¯¥à â®à®¬ � ¯« á . �¤¥ª àâ®¢®© ¯àï¬®ã£®«ì®© á¨áâ¥¬¥ ª®®à¤¨ â íâ®â ®¯¥à â®à ï¢«ï¥âáï ¯à®áâ¥©-è¨¬ ¯à¨¬¥à®¬ ¤¨ää¥à¥æ¨ «ì®£® í««¨¯â¨ç¥áª®£® ®¯¥à â®à  ¢â®à®£® ¯®àï¤-ª : � ≡ −div grad = − n∑

i=1 ∂2
∂x2i .� áá¬®âà¨¬ ¤ «¥¥ ¡®«¥¥ ®¡é¨© á«ãç ©. Ǒãáâì K { á¨¬¬¥âà¨çë© K = K∗, ¯®-«®�¨â¥«ì® ®¯à¥¤¥«¥ë© Kv ·v > 0 â¥§®à à £  ¤¢ , § ¤ ë© ¢ ¤¥ª àâ®¢®¬¡ §¨á¥ ¬ âà¨æ¥© (K) = (kij). Ǒ® ®¯à¥¤¥«¥¨î, u = gradϕ { ¢¥ªâ®à á ª®¢ à¨- âë¬¨ ª®¬¯®¥â ¬¨ uj = ∂ϕ

∂xj

. �á«¨ w = Ku, â® wi = n∑
j=1 kijuj . Ǒ®íâ®¬ãdivw = divKu = divKgradϕ = n∑

i,j=1 ∂

∂xi

(
kij

∂ϕ

∂xj

)
≡ −Aϕ. (4.52)�á«®¢¨ï K = K∗ > 0 ¯®§¢®«ïîâ £®¢®à¨âì ® â®¬, çâ® ¢ (4.51), ª ª ¨ ¢ (4.52)®¯à¥¤¥«¥ ¤¨ää¥à¥æ¨ «ìë© í««¨¯â¨ç¥áª¨© ®¯¥à â®à ¢â®à®£® ¯®àï¤ª :

A = −divKgrad = − n∑

i,j=1 ∂

∂xi

(
kij

∂

∂xj

)
.� â®«ìª® çâ® à áá¬®âà¥ëå ¯à®áâ¥©è¨å ¯à¨¬¥à å ®¯¥à â®àë �, A § ¤ -ë   í«¥¬¥â å ϕ(M) ∈ H. Ǒ®¤ H ¬®�® ¯®¨¬ âì «¨¥©®¥ ¯à®áâà áâ¢®áª «ïàëå äãªæ¨© ¢¥ªâ®à®£®  à£ã¬¥â  ϕ(M) = ϕ(x1, . . . , xn), ®¯à¥¤¥«¥ëå¢ ®£à ¨ç¥®© ®¡« áâ¨ D, M ∈ D ¥¢ª«¨¤®¢  ¯à®áâà áâ¢  Rn á £à ¨æ¥© S.Ǒ®áª®«ìªã � : H −→ H, A : H −→ H, â® ä®à¬ «ì® ¬®£ãâ ¡ëâì ¯®áâ ¢«¥ë§ ¤ ç¨ ®  å®�¤¥¨¨ à¥è¥¨© ®¯¥à â®àëå ãà ¢¥¨©div gradϕ = f ∈ H, divKgradϕ = g ∈ H, M ∈ D. (4.53)�¥áª®®à¤¨ â ï ä®à¬  § ¯¨á¨ ®¯¥à â®à®¢ �, A ¯®§¢®«ï¥â £®¢®à¨âì ® ä ªâ®-à¨§®¢ ®© áâàãªâãà¥ ®¯¥à â®àëå ãà ¢¥¨© (4.53).



32 � ¢ § ª«îç¥¨¥ íâ®£® ¯ à £à ä  ®áâ ®¢¨¬áï   ¥ª®â®àëå ¨â¥£à «ìëå®¯¥à æ¨ïå â¥§®à®£®   «¨§ . � ¨å ®á®¢¥ «¥�¨â å®à®è® ¨§¢¥áâ ï ä®à¬ã« � ãáá -�áâà®£à ¤áª®£®
∫

D

∂ϕj(M)
∂yi

dV = ∫

S

ϕj(M ′) os(n̂, yi)dS. (4.54)�¤¥áì D ⊂ Rn { ¥ª®â®à ï ®¡« áâì ¢ Rn á ¤®áâ â®ç® £« ¤ª®© £à ¨æ¥© S,n { ®àâ ¢¥è¥© ®à¬ «¨ ª S, ϕj(M) { ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ ï áª «ïà- ï äãªæ¨ï ¢¥ªâ®à®£®  à£ã¬¥â . � ª ç¥áâ¢¥ ¯®çâ¨ ®ç¥¢¨¤ëå á«¥¤áâ¢¨© ¨§(4.54) ¨¬¥¥¬ ∫

D

rotvdV = ∫

S

(n× v)dS, (4.55)  â ª�¥ ∫

D

gradϕdV = ∫

S

nϕdS, (4.56)
∫

D

divudV = ∫

S

n · udS. (4.57)� ¤ «ì¥©è¥¬  ¬ ¯® ¤®¡¨âáï â¥§®àë©   «®£ ¨â¥£à «ì®£® á®®â®è¥¨ï(4.57). Ǒãáâì a { ¯à®¨§¢®«ìë© ¯®áâ®ïë© ¢¥ªâ®à ¨ T { ¥¯à¥àë¢® ¤¨ää¥à¥-æ¨àã¥¬ ï â¥§®à ï äãªæ¨ï ¢¥ªâ®à®£®  à£ã¬¥â . �§ (4.57) ¨ ®¯à¥¤¥«¥¨ï(4.40) ¯®«ãç ¥¬
∫

D

(div T ) · adV = ∫

D

div (T ∗a)dV = ∫

S

T ∗a · ndS = ∫

S

a · TndS.Ǒ®íâ®¬ã ¢ á¨«ã ¯à®¨§¢®«ì®áâ¨ a
∫

D

div TdV = ∫

S

TndV. (4.58)�àã£ ï £àã¯¯  á«¥¤áâ¢¨© ¨§ (4.54) á¢ï§   á ¢®§¬®�®áâìî â ª®£® ®¯à¥¤¥-«¥¨ï ¤¨ää¥à¥æ¨ «ìëå ®¯¥à æ¨© ¯¥à¢®£® ¯®àï¤ª : gradϕ, divu, rotv ¨ â.¤.,ª®â®à®¥ ¥ § ¢¨á¨â ®â ª®ªà¥â®£® ¢ë¡®à  á¨áâ¥¬ë ª®®à¤¨ â. �®çª¥ M ∈ D¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ ¥ª®â®àë© "¬ «ë© ®¡ê¥¬" D(M) ⊂ D, £à ¨æ¥© ª®â®-à®£® ï¢«ï¥âáï § ¬ªãâ ï ¯®¢¥àå®áâì S(M) ¨ M ∈ D(M). Ǒà¨¬¥¨¬ â¥¯¥àì ª(4.56) ¨â¥£à «ìãî â¥®à¥¬ã ® áà¥¤¥¬(gradϕ(M))D(M) = ∫

S(M) nϕdS + ε ·D(M).�§ D(M) −→ 0 á«¥¤ã¥â ε −→ 0. Ǒ®íâ®¬ãgradϕ(M) = lim
D(M)→0(D(M))−1 ∫

S(M) nϕdS. (4.59)�®¢¥àè¥®   «®£¨ç®divu(M) = lim
D(M)→0(D(M))−1 ∫

S(M) n · udS, (4.60)



33div T (M) = lim
D(M)→0(D(M))−1 ∫

S(M) TndS, (4.61)rotv(M) = lim
D(M)→0(D(M))−1 ∫

S(M) (n× v)dS. (4.62)�,  ª®¥æ, ®á®¡® ®â¬¥â¨¬ ¨â¥£à «ìë¥ á«¥¤áâ¢¨ï á®®â®è¥¨© (4.44) ¨ (4.47):
∫

D

ϕdivudV + ∫

D

(u · gradϕ)dV = ∫

S

ϕ(n · u)dS, (4.63)
∫

D

div T · udV + ∫

D

T · LdV = ∫

S

n · TudS, (4.64)� (4.64) L { á¨¬¬¥âà¨ç ï ç áâì â¥§®à  gradu, â.¥. (Li
j) = 12(∇ju

i +∇iu
j).

§ 5. �¯«®è ï áà¥¤ . � ª® á®åà ¥¨ï ¬ ááë.�®¢®àï ® á¯«®è®© áà¥¤¥, ¬ë ¨âã¨â¨¢® ¯à¥¤áâ ¢«ï¥¬, çâ® à¥çì ¨¤¥â ®¥ª®â®à®© ç áâ¨ ¯à®áâà áâ¢ , ¢ ª®â®àãî æ¥«¨ª®¬, â.¥. ¡¥§ ¯ãáâ®â, ¯®¬¥é¥®¥ª®â®à®¥ â¥«® (â¢¥à¤®¥, �¨¤ª®¥, £ §®®¡à §®¥ ¨ â.¤.). "Ǒà¨à®¤  ¥ â¥à¯¨â ¯ã-áâ®âë", ¯®íâ®¬ã "¯ãáâ®â " ¤®¯ãáª ¥âáï «¨èì ª ª áãé¥áâ¢®¢ ¨¥ ¤àã£®© á¯«®è-®© áà¥¤ë, ª®â®à ï ®â«¨ç  ®â à áá¬ âà¨¢ ¥¬®©. � ¤àã£®© áâ®à®ë, ¯à¨§ ¢ ï§  ®¡ê¥ªâ¨¢ãî à¥ «ì®áâì  â®¬ë ¨ ¬®«¥ªã«ë, ¬ë, â¥¬ á ¬ë¬, ¯à¨§ ¥¬ ¨¯à¨¡«¨�¥®áâì ¯à¥¤áâ ¢«¥¨ï ® á¯«®è®© áà¥¤¥.�á¥ ¤¥«® ¢ áâ¥¯¥¨ ¯à¨¡«¨�¥¨ï. Ǒãáâì ¤«ï ¥ª®â®à®© áà¥¤ë ( §®¢¥¬¥¥ ¯¥à¢®©) å à ªâ¥à®¥ à ááâ®ï¨¥ ¬¥�¤ã ç áâ¨æ ¬¨ áà¥¤ë ( â®¬ë, ¬®«¥ªã«ë)¥áâì l1,   ¤«ï ¢â®à®© áà¥¤ë { l2. Ǒãáâì â ª�¥ å à ªâ¥àë© ¬ áèâ ¡ (à §¬¥à)¨§ãç ¥¬®£® ï¢«¥¨ï ¤«ï ¯¥à¢®© áà¥¤ë ¥áâì L1,   ¤«ï ¢â®à®© áà¥¤ë { L2. �á«¨
l1/L1 ≃ l2/L2, â® á«¥¤ã¥â ¯à¨§ âì «¨¡® á¯«®è®áâì ®¡¥¨å áà¥¤, «¨¡® { ¥â.�®«ì áª®à® á¯«®è ï áà¥¤  ¯®¬¥é¥  ¢ ¥ª®â®à®¥ ¯à®áâà áâ¢®, â® ¯®¤¯®á«¥¤¨¬ ¬®�® ¯®¨¬ âì â®ç¥ç®¥ í¢ª«¨¤®¢® ¯à®áâà áâ¢® R3. Ǒ®áª®«ìªã¤¢¨�¥¨¥ á¯«®è®© áà¥¤ë ¢á¥£¤  ®¯à¥¤¥«¥® «¨èì ¯® ®â®è¥¨î ª ¥ª®â®à®©á¨áâ¥¬¥ ®âáç¥â , â® ¢ R3 (¨«¨ ¢ ¥ª®â®à®© ¨â¥à¥áãîé¥©  á ç áâ¨ R3) ¡ã¤¥¬áç¨â âì § ¤ ®© ªà¨¢®«¨¥©ãî á¨áâ¥¬ã ª®®à¤¨ â y1, y2, y3. �ã¤¥¬ â ª�¥áç¨â âì, çâ® áãé¥áâ¢ã¥â ¢®§¬®�®áâì ¨§¬¥àïâì ¢à¥¬ï t, â.¥. ®¯à¥¤¥«ïâì ¯à®-¤®«�¨â¥«ì®áâì ª �¤®£® á®¡ëâ¨ï, á¢ï§ ®£® á ¨§ãç ¥¬®© á¯«®è®© áà¥¤®©.�â¤¥«ìë¥ ç áâ¨ à áá¬ âà¨¢ ¥¬®© áà¥¤ë ¬®£ãâ ¯®¤ ¤¥©áâ¢¨¥¬ "¢¥è¨å¨«¨ ¢ãâà¥¨å á¨«" ¯¥à¥¬¥é âìáï ¤àã£ ®â®á¨â¥«ì® ¤àã£ , â ª çâ® á¯«®è®©áà¥¤¥ ¨§ ç «ì® ¯à¥¤¯¨áë¢ ¥âáï á¢®©áâ¢® ¤¥ä®à¬¨àã¥¬®áâ¨. Ǒãáâì ¥ª®â®-à ï ¬ â¥à¨ «ì ï ç áâ¨æ  ¢  ç «ìë© ¬®¬¥â ¢à¥¬¥¨ t0 ¨¬¥¥â ª®®à¤¨ âë
ξ1, ξ2, ξ3,   ¢ â¥ªãé¨© ¬®¬¥â ¢à¥¬¥¨ t { ª®®à¤¨ âë y1, y2, y3. Ǒ® ®¯à¥¤¥«¥-¨î, ¯¥à¥å®¤ ξ −→ y ¯à¨¢®¤¨â ª ¤¥ä®à¬ æ¨¨ á¯«®è®© áà¥¤ë, ª �¤ ï â®çª ª®â®à®© ¯®«ãç ¥â ¯¥à¥¬¥é¥¨¥, ®¯à¥¤¥«ï¥¬®¥ ¢¥ªâ®à®¬ u = uiei = uiei. �«¥-¤®¢ â¥«ì®, ¢ ¬®¬¥â ¢à¥¬¥¨ t

yi = ξi + ui(ξ, t). (5.1)�¡ëç® ¯à¥¤¯®« £ ¥âáï, çâ® ¤«ï «î¡®£® t > t0 ª®¬¯®¥âë ¢¥ªâ®à  ¯¥à¥¬¥é¥-¨© u ï¢«ïîâáï ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ë¬¨ äãªæ¨ï¬¨ ª®®à¤¨ â ξi.



34 � ¨§ãç ¥¬ëå ¯à®æ¥áá å ¨áª®¬ë¬¨ äãªæ¨ï¬¨ ¡ã¤ãâ ï¢«ïâìáï ¥ª®â®àë¥¯ à ¬¥âàë á¯«®è®© áà¥¤ë, â ª¨¥,  ¯à¨¬¥à, ª ª áª®à®áâì, â¥¬¯¥à âãà  ¨ â.¤.Ǒà¨ ®¯¨á ¨¨ ¯à®æ¥áá  ¯® � £à �ã ¬ë ¨â¥à¥áã¥¬áï ¨§¬¥¥¨¥¬ ¯ à ¬¥âà®¢áà¥¤ë ª �¤®© ¨¤¨¢¨¤ã «ì®© ¬ â¥à¨ «ì®© ç áâ¨æë: ¥§ ¢¨á¨¬ë¬¨ ¯¥à¥¬¥-ë¬¨ ï¢«ïîâáï t, ξ1, ξ2, ξ3. Ǒà¨ ®¯¨á ¨¨ �©«¥à  ¬ë ¨â¥à¥áã¥¬áï ¨§¬¥¥¨¥¬¯ à ¬¥âà®¢ áà¥¤ë ¢ ä¨ªá¨à®¢ ®© â®çª¥ ¯à®áâà áâ¢ : ¥§ ¢¨á¨¬ë¬¨ ¯¥à¥-¬¥ë¬¨ ï¢«ïîâáï t, y1, y2, y3. �«¥¤ã¥â ¯à¥¤¯®«®�¨âì, çâ® á®®â®è¥¨ï (5.1)¬¥�¤ã yi ¨ ξi ï¢«ïîâáï ¢§ ¨¬®®¤®§ çë¬¨, â ª çâ® ª �¤®© ¬ â¥à¨ «ì®©ç áâ¨æ¥ ¤® ¤¥ä®à¬ æ¨¨ á®®â¢¥âáâ¢ã¥â â®«ìª® ®¤  ¬ â¥à¨ «ì ï ç áâ¨æ  ¢ ¤¥-ä®à¬¨à®¢ ®¬ á®áâ®ï¨¨. �â® ®¡¥á¯¥ç¨¢ ¥â à ¢®¯à ¢®áâì ®¡®¨å ¯®¤å®¤®¢¯à¨ ¨§ãç¥¨¨ á¯«®è®© áà¥¤ë.�¢¨�¥¨¥ j-®© ¬ â¥à¨ «ì®© ç áâ¨æë á¯«®è®© áà¥¤ë áç¨â ¥âáï § ¤ -ë¬ (®â®á¨â¥«ì® ¢ë¡à ®© á¨áâ¥¬ë ª®®à¤¨ â), ¥á«¨ ¨§¢¥áâë ª®®à¤¨ âëíâ®© ç áâ¨æë ª ª äãªæ¨¨ ¢à¥¬¥¨ t: y1j(t), y2j(t), y3j(t). �®à¬ «ì®, ¤¢¨�¥-¨¥ á¯«®è®© áà¥¤ë ¬®�® ®¯¨á âì á«¥¤ãîé¨¬ ®¡à §®¬
mj

d2yj

dt2 = fj , yj(t0) = ξj ,
dyj

dt
(t0) = vj0. (5.2)�¤¥áì mj { ¬ áá  j-®© ç áâ¨æë, ª®â®à ï á®¤¥à�¨âáï ¢ ¨§ãç ¥¬®¬ ®¡ê¥¬¥ V , fj{ ¢¥ªâ®à § ¤ ëå á¨«,   ¢¥ªâ®àë ξj , vj0 ®¯à¥¤¥«ïîâ ¯®«®�¥¨¥ ¨ áª®à®áâì

j-®© ç áâ¨æë ¢  ç «ìë© ¬®¬¥â ¢à¥¬¥¨ t0. � á®� «¥¨î, ç¨á«® "à¥ «ìëå"¬ â¥à¨ «ìëå ç áâ¨æ ¢ áª®«ìª®-¨¡ã¤ì à¥ «ì®¬ ®¡ê¥¬¥ V á«¨èª®¬ ¢¥«¨ª®.�«®�®áâ¨ ¢®§¨ª îâ ¨ ¯à¨ § ¤ ¨¨ fj , ¯®áª®«ìªã á«¥¤ã¥â ãç¨âë¢ âì ¢§ ¨¬®-¤¥©áâ¢¨¥ "á®á¥¤¨å" ç áâ¨æ á à áá¬ âà¨¢ ¥¬®©.�¡ëç® ¯à¥¤¯®« £ ¥âáï, çâ® ¢ ª �¤®© â®çª¥ M ∈ V∗ ⊆ V ¯ à ¬¥âàë(¬ ªà®å à ªâ¥à¨áâ¨ª¨) á¯«®è®© áà¥¤ë ¬®�® ¯®«ãç¨âì á ¯®¬®éìî ®¯¥à æ¨¨®áà¥¤¥¨ï ¯® ®¡ê¥¬ã V∗. � â¥à¨ «ì®© j-®© ç áâ¨æ¥ ¨§ V∗ ¨§ ç «ì® ¯à¨-¯¨áë¢ ¥âáï ¬ áá  mj , áª®à®áâì vj ¨ ¢ãâà¥ïï í¥à£¨ï Uj . � ¨å ¯®¬®éìî®¯à¥¤¥«ïîâáï ¢¥«¨ç¨ë~m = ∑

j

mj , ~k = ∑

j

~mvj { ¨¬¯ã«ìá.� «¥¥ ¢ëç¨á«ïîâáï áà¥¤ïï ¯«®â®áâì ρ∗ : ρ∗V∗ = ~m, áà¥¤ïï áª®à®áâìv∗ : v∗ ~m = ~k, ¯®« ï ¢ãâà¥ïï í¥à£¨ï ~U :~U = ∑

j

(12mj |vj − v∗|2 + Uj

)¨ áà¥¤ïï ¢ãâà¥ïï í¥à£¨ï U∗ : U∗V∗ = ~U . � ªà®å à ªâ¥à¨áâ¨ª¨ ®¡ê¥¬ 
V : m { ¬ áá , k { ¨¬¯ã«ìá, E { ¯®« ï í¥à£¨ï ®¯à¥¤¥«ïîâáï ç¥à¥§ áà¥¤¨¥¢¥«¨ç¨ë

m = V ρ∗ k = V ρ∗v∗, E = V
(12ρ∗|v|2 + U∗

)
,  ¯à¥¤¯®«®�¥¨¥ ® áãé¥áâ¢®¢ ¨¨ ¯à¨ V −→ 0 ¯à¥¤¥«®¢

ρ = lim ρ∗, v = limv∗, U = limU∗ (5.3)¯®§¢®«ï¥â ¯à¨¯¨á âì ª �¤®© â®çª¥ M ∈ V ¯à¥¤¥«ìë¥ áà¥¤¨¥ ¢ ª ç¥áâ¢¥ ¯ -à ¬¥âà®¢ á¯«®è®© áà¥¤ë.� â¥¬ â¨ç¥áªãî ¬®¤¥«ì ª ª®£®-«¨¡® ä¨§¨ç¥áª®£® ï¢«¥¨ï ¡ã¤¥¬ á¢ï§ë-¢ âì á ®¯¨á ¨¥¬ ¨§¬¥¥¨ï ¯ à ¬¥âà®¢ á¯«®è®© áà¥¤ë (5.3) ¢ à¥§ã«ìâ â¥



35¢¥è¨å ¨ ¢ãâà¥¨å ¢®§¤¥©áâ¢¨©   à áá¬ âà¨¢ ¥¬ë© ®¡ê¥¬ V . �«ï ¨§ãç -¥¬ëå ä¨§¨ç¥áª¨å ï¢«¥¨© á¢ï§ì ¬¥�¤ã ¯ à ¬¥âà ¬¨ á¯«®è®© áà¥¤ë § ¤ îâ§ ª®ë á®åà ¥¨ï (¬ ááë, ¨¬¯ã«ìá , ¬®¬¥â  ¨¬¯ã«ìá , ¯®«®© í¥à£¨¨), ®¯à¥-¤¥«ïîé¨¥ á®®â®è¥¨ï ¨ ãà ¢¥¨ï á®áâ®ï¨ï. �á«¨ ¥ ®£®¢®à¥® ¯à®â¨¢®¥,â® ¢ ¤ «ì¥©è¥¬ ¨á¯®«ì§ã¥âáï í©«¥à®¢® ®¯¨á ¨¥ ¨§ãç ¥¬ëå ¯à®æ¥áá®¢ ¨ ¤¥-ª àâ®¢  ¯àï¬®ã£®«ì ï á¨áâ¥¬  ª®®à¤¨ â. �©«¥à®¢® (¯à®áâà áâ¢¥®¥) ®¯¨-á ¨¥ ¯à®æ¥áá®¢ å à ªâ¥à® ¤«ï § ¤ ç, ¢ ª®â®àëå ¤«ï ¢á¥å t > t0 ä¨ªá¨à®¢  ¯à®áâà áâ¢¥ ï ®¡« áâì ¨§¬¥¥¨ï ¯ à ¬¥âà®¢ ¢ ¨§ãç ¥¬®© § ¤ ç¥. � ª¨¬®¡à §®¬, ¯à¨ ®¯¨á ¨¨ ¨á¯®«ì§ãîâáï ¥¨§¬¥ë¥ ¯à®áâà áâ¢¥ë¥ ª®®à¤¨ -âë,   ¯ à ¬¥âàë á¯«®è®© áà¥¤ë, ª ª ã�¥ £®¢®à¨«®áì, à áá¬ âà¨¢ îâáï ª ªäãªæ¨¨ â®çª¨ M(x1, x2, x3) ∈ V ¨ ¢à¥¬¥¨ t.Ǒãáâì D ⊂ V ¨ S { "¤®áâ â®ç® £« ¤ª ï" £à ¨æ  ®¡« áâ¨ D. �§¬¥¥¨¥¬ ááë ¢¥é¥áâ¢  ¢ ®¡ê¥¬¥ D §  ¢à¥¬ï �t = t2 − t1 ¥áâì
J1 = ∫

D

ρ(M, t2)dV − ∫

D

ρ(M, t1)dV = ∫

D

t2∫

t1 ∂ρ

∂t
dV dt.� ¤àã£®© áâ®à®ë, íâ® ¨§¬¥¥¨¥ ¤®«�® à ¢ïâìáï ª®«¨ç¥áâ¢ã ¢¥é¥áâ¢ , ¯à®-â¥ª îé¥¬ã §  â® �¥ ¢à¥¬ï �t ç¥à¥§ £à ¨æã S ¢ãâàì (¨§ãâà¨) ®¡« áâ¨ D,â.¥.

J2 = − t2∫

t1 ∫

S

ρv · ndSdt.�¤¥áì n { ¥¤¨¨çë© ¢¥ªâ®à ¢¥è¥© ®à¬ «¨ ª S. �ç¥¢¨¤®, çâ® J1 = J2 ¨¯®íâ®¬ã
∫

D

t2∫

t1 ∂ρ

∂t
dV dt+ t2∫

t1 ∫

S

ρv · ndSdt = 0. (5.4)�â®à®© ç«¥ ¢ (5.4) ¯à¥®¡à §ã¥¬ á ¯®¬®éìî ä®à¬ã«ë � ãáá -�áâà®£à ¤áª®£®(4.57). �®£¤ 
∫

D

t2∫

t1 ∂ρ

∂t
dV dt+ t2∫

t1 ∫

D

divρvdV dt = 0. (5.5)� ®á®¡ëå ª®¬¬¥â à¨ïå ¤ «ì¥©è¨¥ ¯à¥®¡à §®¢ ¨ï ¯®-¢¨¤¨¬®¬ã ¥ ã�¤ îâ-áï, ¨¡® § ª®®áâì (®¡®á®¢ ®áâì) íâ¨å ¨ ¯à¥¤ë¤ãé¨å ¯à¥®¡à §®¢ ¨© ®ç¥-¢¨¤® ¯à¥¤¯®« £ ¥â á®®â¢¥âáâ¢ãîéãî £« ¤ª®áâì ¯®¤¨â¥£à «ìëå ¢ëà �¥¨©¢ (5.4){(5.5),   â ª�¥ ¨ £à ¨æë S. � á¨«ã ¯à®¨§¢®«ì®áâ¨ D ¨§ (5.5) ¨¬¥¥¬
t2∫

t1 ∫

D

(∂ρ
∂t

+ divρv)
dV dt = 0←→ ∂ρ

∂t
+ divρv = 0. (5.6)�â ª,  ¬¨ § ¯¨á  § ª® á®åà ¥¨ï ¬ ááë ¢ ¨â¥£à «ì®© (5.4) ¨ ¤¨ää¥à¥-æ¨ «ì®© (5.6) ä®à¬ å.Ǒ®¯ëâ ¥¬áï áà §ã �¥ ¯à¨¬¥¨âì íâ®â § ª® ¤«ï ¯®áâà®¥¨ï ¬ â¥¬ â¨ç¥-áª®© ¬®¤¥«¨ ª ª®©-¨¡ã¤ì ª®ªà¥â®© § ¤ ç¨. �¡à â¨¬áï,  ¯à¨¬¥à, ª § ¤ ç¥ä¨«ìâà æ¨¨. Ǒ®¤ ä¨«ìâà æ¨¥© ¯®¨¬ îâ ¤¢¨�¥¨¥ �¨¤ª®áâ¨ (£ § ) ¢ ¯®à¨-áâ®© áà¥¤¥. �à¥¤  áç¨â ¥âáï ¯®à¨áâ®©, ¥á«¨ ®  á®¤¥à�¨â § ç¨â¥«ì®¥ ç¨-á«® ¯ãáâ®â, à §¬¥àë ª®â®àëå ¬ «ë ¯® áà ¢¥¨î á å à ªâ¥àë¬¨ à §¬¥à ¬¨



36à áá¬ âà¨¢ ¥¬®© áà¥¤ë. �®«¨ç¥áâ¢¥®© å à ªâ¥à¨áâ¨ª®© ¯®à¨áâ®áâ¨ á«ã�¨â®â®è¥¨¥ ®¡ê¥¬  ¯®à ª ®¡é¥¬ã ®¡ê¥¬ã: m = V¯®à./V®¡é.. � ª¨¬ ®¡à §®¬,¯®à¨áâ®áâì m { ¢¥«¨ç¨  ¡¥§à §¬¥à ï.�ç¥â ¯®à¨áâ®áâ¨ ®ç¥¢¨¤ë¬ ®¡à §®¬ ¯à¨¢®¤¨â ª â®¬ã, çâ® ãà ¢¥¨¥ ¥-à §àë¢®áâ¨ (5.6) ¤«ï á¯«®è®£® ¯®â®ª  ®¤®à®¤®© �¨¤ª®áâ¨ (£ § ) ¯à¨¬¥â¢¨¤
∂mρ

∂t
+ divρv = 0. (5.7)� ®¤® ãà ¢¥¨¥ (5.7) ¢å®¤ïâ ¥áª®«ìª® ¯®¤«¥� é¨å ®¯à¥¤¥«¥¨î ¢¥«¨ç¨: ρ,v, â ª çâ® ¬ â¥¬ â¨ç¥áª ï ¬®¤¥«ì (5.7) ¥ ï¢«ï¥âáï § ¬ªãâ®©. �¡ëçë© á¯®-á®¡ § ¬ëª ¨ï ¬®¤¥«¨ (5.7) ï¢«ï¥âáï ¤®áâ â®ç® â¨¯¨çë¬, çâ®¡ë ¡ëâì §¤¥áìã¯®¬ïãâë¬. Ǒà¥¤¯®« £ ¥âáï, çâ® ¤«ï ®¤®à®¤®© ä¨«ìâàãîé¥©áï ä §ë á¯à -¢¥¤«¨¢ íªá¯¥à¨¬¥â «ì® ãáâ ®¢«¥ë© § ª® � àá¨:v = −k
µ
gradp. (5.8)�¤¥áì p { ¤ ¢«¥¨¥, µ {¤¨ ¬¨ç¥áª ï ¢ï§ª®áâì, k { ¯à®¨æ ¥¬®áâì, â.¥. ¯à®¢®-¤¨¬®áâì ¯®à¨áâ®© áà¥¤ë ¯® ®â®è¥¨î ª ¤ ®© ä¨«ìâàãîé¥©áï ä §¥. Ǒà®-¨æ ¥¬®áâì k ®¡à â® ¯à®¯®àæ¨® «ì  á®¯à®â¨¢«¥¨î, ª®â®à®¥ ¨á¯ëâë¢ ¥â¤  ï �¨¤ª®áâì (£ §) ¯à¨ â¥ç¥¨¨ áª¢®§ì ¤ ãî ¯®à¨áâãî áà¥¤ã.�ª «ïàë© § ª® á®åà ¥¨ï ¬ ááë (5.7) ¨ ¢¥ªâ®à®¥ ®¯à¥¤¥«ïîé¥¥ á®®â-®è¥¨¥ (5.8) á¢ï§ë¢ îâ ¯ïâì ¥¨§¢¥áâëå ¯ à ¬¥âà®¢: ρ, p ¨ âà¨ ª®¬¯®¥âë¢¥ªâ®à  áª®à®áâ¨ v. �¨á«® ãà ¢¥¨© ¬¥ìè¥ ç¨á«  ®¯à¥¤¥«ï¥¬ëå ¯ à ¬¥-âà®¢: ¬ â¥¬ â¨ç¥áª ï ¬®¤¥«ì (5.7), (5.8) ®¯ïâì ¥ ï¢«ï¥âáï § ¬ªãâ®©. �á«¨áç¨â âì, çâ® à áá¬ âà¨¢ ¥¬ë© ¯à®æ¥áá ¥ § ¢¨á¨â ®â â¥¬¯¥à âãàë (¨§®â¥à¬¨-ç¥áª ï ä¨«ìâà æ¨ï), â® á¨áâ¥¬  ãà ¢¥¨© (5.7), (5.8) § ¬ëª ¥âáï ãà ¢¥¨¥¬á®áâ®ï¨ï

p = p(ρ). (5.9)� à ªâ¥àë¬ ¤«ï à áá¬®âà¥®© § ¬ªãâ®© ¬ â¥¬ â¨ç¥áª®© ¬®¤¥«¨ (5.7){(5.9) ï¢«ï¥âáï á«¥¤ãîé¥¥. � àï¤ã á "â®çë¬" § ª®®¬ á®åà ¥¨ï ¬ ááë (5.7)íâ  ¬®¤¥«ì á®¤¥à�¨â ¨ ¯à¨¡«¨�¥ë¥, íªá¯¥à¨¬¥â «ì® ãáâ ®¢«¥ë¥ á®®â-®è¥¨ï (5.8), (5.9). �® â¥¬ á ¬ë¬ ãáâ  ¢«¨¢ ¥âáï ¨ ®¡« áâì ¯à¨¬¥¨¬®áâ¨¬®¤¥«¨. �  á¢ï§   á ®¡« áâìî ¨§¬¥¥¨ï ¯ à ¬¥âà®¢ ρ, p, v, ¤«ï ª®â®à®©á â®© ¨«¨ ¨®© â®ç®áâìî á¯à ¢¥¤«¨¢ ª ª § ª® � àá¨ (5.8), â ª ¨ ãà ¢¥¨¥á®áâ®ï¨ï (5.9).�®«ìª® çâ® ¨§«®�¥ ï áå¥¬  § ¬ëª ¨ï ¬®¤¥«¨ (5.7) ¬®�¥â áç¨â âìáï ã¤®-¢«¥â¢®à¨â¥«ì®© «¨èì ¢ ¯¥à¢®¬ ¯à¨¡«¨�¥¨¨. �¥«® ¢ â®¬, çâ® § ª® � àá¨(5.8) ï¢«ï¥âáï, ¢®®¡é¥ £®¢®àï, á«¥¤áâ¢¨¥¬ § ª®  á®åà ¥¨ï ¨¬¯ã«ìá  (® ¥¬à¥çì ¢¯¥à¥¤¨). �à®¬¥ â®£®, ¥ ¬®�¥â ¡ëâì ¯à®¨§¢®«ìë¬ ãà ¢¥¨¥ á®áâ®ï¨ï(5.9), ¯®áª®«ìªã ¤®«�ë ¢ë¯®«ïâìáï ¥ª®â®àë¥ ¤®¯®«¨â¥«ìë¥ (â¥à¬®¤¨ -¬¨ç¥áª¨¥) ãá«®¢¨ï   äãªæ¨î p(ρ). Ǒ®á«¥¤¥¥ ®á®¡¥® ¢ �®, ¯®áª®«ìªã ¨§ âãàëå íªá¯¥à¨¬¥â®¢ íâ  äãªæ¨ï ¨§¢¥áâ  «¨èì ¤«ï ¤¨áªà¥â®£®  ¡®à § ç¥¨© ρi.�ãé¥áâ¢¥®¥ ã¯à®é¥¨¥ § ¬ªãâ®© ¬®¤¥«¨ (5.7){(5.9) ¬®�¥â ¡ëâì ¯®«ã-ç¥® ¢ ¯à¥¤¯®«®�¥¨¨ ® ¥á�¨¬ ¥¬®áâ¨ ä¨«ìâàãîé¥©áï ä §ë. � íâ®¬ á«ãç ¥à áá¬ âà¨¢ ¥¬ë© ¯à®æ¥áá á«¥¤ã¥â áç¨â âì áâ æ¨® àë¬ ¨ ¢¬¥áâ® (5.7){(5.9)¡ã¤¥¬ ¨¬¥âì div k
µ
gradp = 0, v = −k

µ
gradp. (5.10)



37� ª ã�¥ ®â¬¥ç «®áì, ¯à¨ í©«¥à®¢®¬ ®¯¨á ¨¨ ä¨ªá¨à®¢   ¯à®áâà áâ¢¥ ï®¡« áâì ¨§¬¥¥¨ï ¨áª®¬ëå ¯ à ¬¥âà®¢ ¨§ãç ¥¬®© á¯«®è®© áà¥¤ë. � ¤ ®¬á«ãç ¥ ¢ ª®ªà¥â®© ¯à®áâà áâ¢¥®© ®¡« áâ¨ D á £à ¨æ¥© S ¤ ¢«¥¨¥ p(M),
M ∈ D ®¯à¥¤¥«ï¥âáï ª ª à¥è¥¨¥ ¯¥à¢®£® ãà ¢¥¨ï (5.10), § â¥¬ v(M)  å®-¤¨âáï ¨§ ¢â®à®£® ãà ¢¥¨ï (5.10). �áª®¬®¥ à¥è¥¨¥ p(M) á«¥¤ã¥â ¯®¤ç¨¨âìª ª®¬ã-«¨¡® ¨§ ¨�¥¯à¨¢¥¤¥ëå ªà ¥¢ëå ãá«®¢¨©: )p(N) = ϕ(N), N ∈ S;¡)vm(N)nm(N) = ψ(N), N ∈ S;¢)S = S1 + S2; p(N) = ϕ(N), N ∈ S1; vm(N)nm(N) = ψ(N), N ∈ S2. (5.11)�¥¬ á ¬ë¬ ¤«ï ¤ ¢«¥¨ï p(M) áä®à¬ã«¨à®¢   ªà ¥¢ ï § ¤ ç  (5.10), (5.11).�à ¥¢ë¥ ãá«®¢¨ï (5.11) ¤®¯ãáª îâ ¯à®áâ®¥ ä¨§¨ç¥áª®¥ ¨áâ®«ª®¢ ¨¥. �«ãç ©(5.11 ) á®®â¢¥âáâ¢ã¥â § ¤ ¨î   £à ¨æ¥ S ¤ ¢«¥¨ï,   á«ãç © (5.11¡) { § ¤ -¨î à áå®¤  ä¨«ìâàãîé¥©áï ä §ë.�â ª, ¤«ï ª®ªà¥â®£® ä¨§¨ç¥áª®£® ¯à®æ¥áá  ¯®áâà®¥  § ¬ªãâ ï ¬ â¥-¬ â¨ç¥áª ï ¬®¤¥«ì (5.10), (5.11). �¤ ª® ¯à¥�¤¥ ç¥¬ ¨á¯®«ì§®¢ âì ª ª®©-«¨¡®¬¥â®¤ ä ªâ¨ç¥áª®£®  å®�¤¥¨ï ¨áª®¬ëå ¯ à ¬¥âà®¢ ¬®¤¥«¨ (  «¨â¨ç¥áª¨©,ç¨á«¥ë©) á«¥¤ã¥â ã¡¥¤¨âìáï, çâ® ªà ¥¢ ï § ¤ ç  (5.10), (5.11) ¯®áâ ¢«¥  ª®à-à¥ªâ®. �¥§®â®á¨â¥«ì® ª ª®ªà¥â®¬ã ¯à¥¤¬¥âã ¨áá«¥¤®¢ ¨ï, ª®àà¥ªâ®áâìâ®© ¨«¨ ¨®© § ¤ ç¨ ®¡ëç® ¯à¥¤¯®« £ ¥â, çâ® à¥è¥¨¥ áãé¥áâ¢ã¥â, ¥¤¨áâ¢¥®¨ ¥¯à¥àë¢® § ¢¨á¨â ®â ¢å®¤ëå ¤ ëå. �§ãç¥¨¥ íâ¨å ¢®¯à®á®¢ á®áâ ¢«ï-¥â ®¤¨ ¨§ ¢ �¥©è¨å à §¤¥«®¢ ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨ ¨ §¤¥áì, ¡¥§ãá«®¢®,âà¥¡ã¥âáï ®â¤¥«ì®¥ ¨§«®�¥¨¥.�ë �¥ á¤¥« ¥¬ «¨èì ¥áª®«ìª® § ¬¥ç ¨© ®â®á¨â¥«ì® ¢®§¨ª îé¥© ¨§(5.10), (5.11) ªà ¥¢®© § ¤ ç¨ ¤«ï í««¨¯â¨ç¥áª®£® ãà ¢¥¨ïdiv k

µ
gradp = 0. (5.12)�§ (5.10), (5.12) ¨ ä®à¬ã«ë � ãáá -�áâà®£à ¤áª®£® (4.57) ¢ëâ¥ª ¥â, çâ®0 = ∫

D

divvdV = ∫

S

n · vdS.Ǒ®íâ®¬ã ¢ § ¤ ç¥ (5.11¡), (5.12) äãªæ¨ï ψ(N) ¥ ¬®�¥â § ¤ ¢ âìáï ¯à®¨§¢®«ì-®,   ¥®¡å®¤¨¬® ¤®«�  ã¤®¢«¥â¢®àïâì ãá«®¢¨î
∫

S

ψ(N)dS = 0. (5.13)�à §ã ¨ ®â¬¥â¨¬, çâ® ¥á«¨ ¢ à áá¬ âà¨¢ ¥¬®© ®¡« áâ¨ D § ¤ ë ¨áâ®ç¨ª¨(áâ®ª¨) ä¨«ìâàãîé¥©áï ä §ë f(M), â® ¢¬¥áâ® (5.12) ¡ã¤¥¬ ¨¬¥âìdiv k
µ
gradp = f(M), (5.14)  ¤«ï ªà ¥¢®© § ¤ ç¨ (5.11¡), (5.14) ¢¬¥áâ® (5.13) ¯®«ãç¨¬

∫

D

f(M)dV = ∫

S

ψ(N)dS. (5.15)



38�á«®¢¨ï (5.13), (5.15) ¨¬¥îâ ¯à®áâ®© ä¨§¨ç¥áª¨© á¬ëá«: ¤«ï áâ æ¨® à®£®¯à®æ¥áá  ä¨«ìâà æ¨¨ ¢ § ¬ªãâ®© ®¡« áâ¨ D áã¬¬  ¢ãâà¥¨å ¨áâ®ç¨ª®¢(áâ®ª®¢) ä¨«ìâàãîé¥©áï ä §ë à ¢  à áå®¤ã íâ®© ä §ë ç¥à¥§ £à ¨æã S.�â¬¥â¨¬ â ª�¥, çâ® ¢ ¯à¥¤¯®«®�¥¨¨ ® à §à¥è¨¬®áâ¨ ªà ¥¢®© § ¤ ç¨(5.11), (5.12) ¨«¨ (5.11), (5.14) ¤®áâ â®ç® ¯à®áâë¬ ï¢«ï¥âáï ¢®¯à®á ® ¥¤¨-áâ¢¥®áâ¨. �¥©áâ¢¨â¥«ì®, ¥á«¨ p1, p2 ª ª¨¥-«¨¡® à §«¨çë¥ à¥è¥¨ï ®¤®© ¨â®© �¥ § ¤ ç¨, â® ~p = p1 − p2 ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î (5.12) á ®¤®à®¤ë¬¨ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨ (5.11). �® â®£¤ 0 = ∫

D

~pdiv k
µ
grad~pdV = ∑

i

∫

D

~p ∂

∂xi

(k
µ

∂~p
∂xi

)
dV == −∑

i

∫

D

k

µ

( ∂~p
∂xi

)2
dV,

k

µ
> 0. (5.16)�¥¯¥àì ¢ á«ãç ¥ ªà ¥¢ëå ãá«®¢¨© (5.11 ) (§ ¤ ç  �¨à¨å«¥) ¨§ (5.16) ¯®«ãç ¥¬~p = 0. �á«¨ ¢ (5.11¢) mesS1 6= 0 (á¬¥è  ï ªà ¥¢ ï § ¤ ç ), â® (5.16) á®¢ ¤ ¥â ~p = 0. �«ï ªà ¥¢ëå ãá«®¢¨© (5.11¡) (§ ¤ ç  �¥©¬  ) ¢ë¯®«¥¨¥ (5.16)¢®§¬®�® ¨ ¯à¨ ~p = onst 6= 0. Ǒ®íâ®¬ã à¥è¥¨¥ ªà ¥¢®© § ¤ ç¨ �¥©¬  (5.11¡), (5.12) ¨«¨ (5.11¡), (5.14) ¥ ï¢«ï¥âáï ¥¤¨áâ¢¥ë¬,   ®¯à¥¤¥«ï¥âáï áâ®ç®áâìî ¤® ¯à®¨§¢®«ì®© ¯®áâ®ï®©. �«ï ¢ë¤¥«¥¨ï ¥¤¨áâ¢¥®£® à¥è¥-¨ï à §à¥è¨¬®© § ¤ ç¨ �¥©¬   ¤®áâ â®ç® «¨¡® ãª § âì ãà®¢¥ì ®âáç¥â  ¤ -¢«¥¨ï: ¢ ¥ª®â®à®© â®çª¥M0 ∈ �D § ¤ âì p(M0), «¨¡® ãª § âì äãªæ¨® «ì®¥¯à®áâà áâ¢®, ¢ ª®â®à®¬ ¨áª®¬®¥ à¥è¥¨¥ ¥¤¨áâ¢¥®,  ¯à¨¬¥à,

∫

D

pdV = 0←→ (p, 1)D = 0. (5.17)�â® ª á ¥âáï ãá«®¢¨ï (5.17), â® ®® á¢ï§ ® á ®àâ®£® «ìë¬ à §«®�¥¨¥¬(3.20) á®®â¢¥âáâ¢ãîé¥£® äãªæ¨® «ì®£® ¯à®áâà áâ¢ , ¯®à®�¤ ¥¬®£® «¨¥©-ë¬ ®¯¥à â®à®¬ A = −div(k/µ)grad ¨ ®§ ç ¥â, çâ® p�∈ kerA.�®¢  ¢¥à¥¬áï ª § ª®ã á®åà ¥¨ï ¬ ááë ¨   ¥£® ¯à¨¬¥à¥ ¡®«¥¥ ¯®¤à®¡®®áâ ®¢¨¬áï   à §«¨ç¨ïå ¯à¨ í©«¥à®¢®¬ ¨ « £à �¥¢®¬ ®¯¨á ¨¨ ¨§¬¥¥¨ï¯ à ¬¥âà®¢ á¯«®è®© áà¥¤ë. �ë¢®¤ ãà ¢¥¨ï ¥à §àë¢®áâ¨ (5.6) ®á®¢ ,¯® áãé¥áâ¢ã,   ¯à¥¤¯®«®�¥¨¨( ªá¨®¬¥):
∂

∂t

∫

V

ρdV = ∫

V

∂ρ

∂t
dV. (5.18)Ǒà¨ í©«¥à®¢®¬ ®¯¨á ¨¨ ¢ (5.18) V = D { ä¨ªá¨à®¢ ë© ®¡ê¥¬ ¢ R3, ¯®íâ®-¬ã ∂/∂t ¬®�® ¢¥áâ¨ ¯®¤ § ª ¨â¥£à « . � ¤ «ì¥©è¥¬ á«¥¤ã¥â ãç¥áâì, çâ®¨§¬¥¥¨¥ ¬ ááë ¢ ®¡ê¥¬¥ D §  ¢à¥¬ï �t ¢ â®ç®áâ¨ à ¢® ª®«¨ç¥áâ¢ã ¢¥é¥-áâ¢ , ¯à®â¥ª îé¥¬ã §  â® �¥ ¢à¥¬ï �t ç¥à¥§ £à ¨æã S. �¬¥® â ª®© ¯®¤å®¤à¥ «¨§®¢  ¯à¨ ¢ë¢®¤¥ (5.6).Ǒà¨ « £à �¥¢®¬ ®¯¨á ¨¨ ¬ë ä¨ªá¨àã¥¬ ¥ª®â®àë© ®¡ê¥¬ V0 ¯à¨ t = t0{  ç «ì®¥ á®áâ®ï¨¥ ¨ á«¥¤¨¬ §  ¨§¬¥¥¨¥¬ ¯ à ¬¥âà®¢ ¨¤¨¢¨¤ã «ìëåç áâ¨æ ¢ íâ®¬ ®¡ê¥¬¥ ¤«ï t > t0. �®£¤  V0 −→ V ¨ ¤«ï â¥ªãé¥£® ( ªâã «ì®£®)á®áâ®ï¨ï V = V (t).Ǒ®«ãç¨¬ § ª® á®åà ¥¨ï ¬ ááë (ãà ¢¥¨¥ ¥à §àë¢®áâ¨) ¢ « £à �¥-¢®¬ ®¯¨á ¨¨. Ǒãáâì ¢  ç «ì®¬ á®áâ®ï¨¨ t = t0 ¬ â¥à¨ «ìë¥ ç áâ¨æë
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ξ(ξ1, ξ2, ξ3),  ç «ì ï ¯«®â®áâì ª®â®àëå ¥áâì ρ0(ξ) § ¯®«ïîâ í«¥¬¥â àë©®¡ê¥¬ dV0 = dξ1 · (dξ2 × dξ3). � áá  áà¥¤ë ¢ í«¥¬¥â à®¬ ®¡ê¥¬¥ dV0 à ¢ 

dm = ρ0(ξ)dV0.� â¥ªãé¨© ¬®¬¥â ¢à¥¬¥¨ t > t0 ¬ â¥à¨ «ì ï ç áâ¨æ  ξ ¡ã¤¥â ¨¬¥âì ª®®à¤¨- âë x(x1, x2, x3) ¨
dm = ρ(x, t)dV, x = x(ξ, t),£¤¥ dV = dx1 · (dx2 × dx3). � ª ª ª dxi = ∂xi

∂ξj
dξj . â®

dV = det(∂xi

∂ξj

)
dV0 = JdV0¨ á®®â®è¥¨¥

ρ0(ξ, 0) = ρ(x(ξ, t), t)J (5.19)§ ¤ ¥â § ª® á®åà ¥¨ï ¬ ááë ¢ « £à �¥¢®¬ ®¯¨á ¨¨.�¥«¨ç¨ë
εαβγ = eα · (eβ × eγ); α, β, γ = 1, 2, 3, ε123 = √det(gim) (5.20)¢ á¨«ã (1.20) ®¯à¥¤¥«ïîâ ª®¢ à¨ âë¥ ª®¬¯®¥âë â¥§®à  à £  âà¨, ª®â®àë©¯à¨ïâ®  §ë¢ âì â¥§®à®¬ �¥¢¨-�¥¢¨âë,   â ª�¥ ¤¨áªà¨¬¨ âë¬ ¨«¨  «ì-â¥à¨àãîé¨¬. � (5.20) ei { ¢¥ªâ®àë ¡ §¨á , gim { ª®¢ à¨ âë¥ ª®¬¯®¥âë¬¥âà¨ç¥áª®£® â¥§®à  G (2.14). �ª «ïà®-¢¥ªâ®à®¥ ¯à®¨§¢¥¤¥¨¥ εαβγ ¬¥ï¥â§ ª ¯à¨ ¯¥à¥áâ ®¢ª¥ «î¡ëå ¤¢ãå ¢¥ªâ®à®¢,   ®â«¨çë¬¨ ®â ã«ï ¡ã¤ãâ «¨èìª®¬¯®¥âë εαβγ , ª®â®àë¥ ¥ ¨¬¥îâ á®¢¯ ¤ îé¨å ¨¤¥ªá®¢. Ǒ®íâ®¬ã

ε123 = −ε213 = ε231 = −ε321 = ε312 = −ε132 = √det(gim).�«ï ¨á¯®«ì§ã¥¬®© ¤¥ª àâ®¢®© ¯àï¬®ã£®«ì®© á¨áâ¥¬ë ª®®à¤¨ â ε123 = 1. �¯®¬®éìî â¥§®à  �¥¢¨-�¥¢¨âë § ª® á®åà ¥¨ï ¬ ááë (5.19) ¯¥à¥¯¨áë¢ ¥âáïá«¥¤ãîé¨¬ ®¡à §®¬
ρ0 = ρJ = ρdet(∂xi

∂ξj

) = ρεαβγ

∂x1
∂ξα

∂x2
∂ξβ

∂x3
∂ξγ

= ρεαβγa1αa2βa3γ . (5.21)�ª®à®áâì ¨§¬¥¥¨ï á® ¢à¥¬¥¥¬ «î¡®£® ¯ à ¬¥âà  ¢ ¨¤¨¢¨¤ã «ì®© ç -áâ¨æ¥ ¤¢¨�ãé¥©áï á¯«®è®© áà¥¤ë  §ë¢ îâ ¯®«®© (¨¤¨¢¨¤ã «ì®©, ¬ â¥à¨- «ì®©, áã¡áâ æ¨® «ì®©) ¯à®¨§¢®¤®© ¯® ¢à¥¬¥¨ íâ®£® ¯ à ¬¥âà . Ǒ®«ãî¯à®¨§¢®¤ãî ¬®�® ¯à¥¤áâ ¢¨âì ª ª áª®à®áâì ¨§¬¥¥¨ï ¨§ãç ¥¬®£® ¯ à ¬¥-âà  ¢® ¢à¥¬¥¨ ¤«ï  ¡«î¤ â¥«ï, ª®â®àë© ¤¢¨£ ¥âáï ¢¬¥áâ¥ á ¨¤¨¢¨¤ã «ì®©ç áâ¨æ¥©. �® á ¬® ¬¥áâ® å®�¤¥¨¥ ç áâ¨æë ¢ ¬®¬¥â ¢à¥¬¥¨ t > t0 â ª-�¥ ï¢«ï¥âáï ¯ à ¬¥âà®¬ (á¢®©áâ¢®¬) íâ®© ç áâ¨æë. Ǒ®« ï ¯à®¨§¢®¤ ï ¯®¢à¥¬¥¨ ®â ¯®«®�¥¨ï ç áâ¨æë ¥áâì ¥¥ ¬£®¢¥ ï áª®à®áâì:
vi = dxi

dt
, v = dx

dt
= _x. (5.22)�á«¨ Q(ξ, t) { ª ª®©-«¨¡® ¯ à ¬¥âà áà¥¤ë (áª «ïàë©, ¢¥ªâ®àë©, â¥§®àë©)¢ « £à �¥¢®¬ ®¯¨á ¨¨, â®_Q(ξ, t) = dQ

dt
= ∂Q(ξ, t)

∂t
. (5.23)



40�á«¨ �¥ Q(x, t) { ¯ à ¬¥âà áà¥¤ë ¢ í©«¥à®¢®¬ ®¯¨á ¨¨, â®_Q(x, t) = ∂Q

∂t
+ ∂Q

∂xi

dxi

dt
= ∂Q

∂t
+ vi

∂Q

∂xi

= ( ∂

∂t
+ vi

∂

∂xi

)
Q. (5.24)�¥¯¥àì ¢ ª ç¥áâ¢¥ ¨««îáâà æ¨¨ à ¢®¯à ¢®áâ¨ « £à �¥¢  ¨ í©«¥à®¢ ®¯¨á ¨© ¯®«ãç¨¬ ¨§ (5.19) § ª® á®åà ¥¨ï ¬ ááë (5.6) ¢ í©«¥à®¢®¬ ®¯¨á ¨¨.�§ (5.21) ¢ á®®â¢¥âáâ¢¨¨ á ¯à ¢¨«®¬ ¤¨ää¥à¥æ¨à®¢ ¨ï ®¯à¥¤¥«¨â¥«ï ¨¬¥¥¬

dJ

dt
= εαβγ

(da1α
dt

a2βa3γ + a1α da2β
dt

a3γ + a1αa2β da3γ
dt

)
.�®

da1α
dt

= ∂v1
∂xi

∂xi

∂ξα
,

da2β
dt

= ∂v2
∂xi

∂xi

∂ξβ
,

da3γ
dt

= ∂v3
∂xi

∂xi

∂ξγ
.Ǒ®íâ®¬ã

dJ

dt
= εαβγ

(∂v1
∂xi

aiαa2βa3γ + ∂v2
∂xi

a12aiβa3γ + ∂v3
∂xi

a1αa2βa3i). (5.25)�§ ¤¥¢ïâ¨ ®¯à¥¤¥«¨â¥«¥© ¢ (5.25) â®«ìª® âà¨ ®â«¨çë ®â ã«ï, â ª çâ® á¯à ¢¥¤-«¨¢  ä®à¬ã«  �©«¥à :
dJ

dt
= ∂v1
∂x1 J + ∂v2

∂x2 J + ∂v3
∂x3 J = Jdivv. (5.26)� «¥¥, ¢ á¨«ã (5.24) ¤«ï ρ ¨§ (5.19) ¨¬¥¥¬_ρ = dρ

dt
= ∂ρ

∂t
+ v · gradρ. (5.27)� ª®¥æ, ¯à®¤¨ää¥à¥æ¨àã¥¬ (5.19) ¯® t ¨ ¢®á¯®«ì§ã¥¬áï (5.26), (5.27) ¨ (4.44).�®£¤  0 =dρ

dt
J + dJ

dt
ρ = J

(dρ
dt

+ ρdivv) ==J(∂ρ
∂t

+ vgradρ+ ρdivv) = J
(∂ρ
∂t

+ divρv)
.

(5.28)Ǒ®áª®«ìªã J 6= 0, â® ¨§ (5.28) ¥¬¥¤«¥® ¢ëâ¥ª ¥â (5.6), â.¥. § ª® á®åà ¥¨ï¬ ááë ¢ í©«¥à®¢®¬ ®¯¨á ¨¨.� ¢ § ª«îç¥¨¥ íâ®£® ¯ à £à ä  á«¥¤ã¥â á¯¥æ¨ «ì® ®â¬¥â¨âì, çâ® § ª®á®åà ¥¨ï ¬ ááë ¬®�® ¯®áâã«¨à®¢ âì, â.¥. ¯à¨ïâì ¢ ª ç¥áâ¢¥ ®¤®© ¨§  ª-á¨®¬ ¬¥å ¨ª¨ á¯«®è®© áà¥¤ë:{ ¤«ï «î¡®£® ¤¢¨�ãé¥£®áï ®¡ê¥¬  V (t) ¥£® ¬ áá  ¯®áâ®ï 
d

dt

∫

V (t) ρdV = 0. (5.29)�§ (5.29) ¢ëâ¥ª ¥â ª ª § ª® á®åà ¥¨ï ¬ ááë (5.6) ¢ í©«¥à®¢®¬ ®¯¨á ¨¨, â ª¨ § ª® á®åà ¥¨ï ¬ ááë (5.19) ¢ « £à �¥¢®¬ ®¯¨á ¨¨. �¥©áâ¢¨â¥«ì®,0 = d

dt

∫

V

ρdV = d

dt

∫

V0 ρJdV0 = ∫

V0 d

dt
(ρJ)dV0 ==∫

V0 (dρ
dt
J + ρ

dJ

dt

)
dV0 = ∫

V

(∂ρ
∂t

+ divρv)
dV,



41çâ® ¢ â®ç®áâ¨ á®¢¯ ¤ ¥â á (5.6). � «¥¥,
m = ∫

V0 ρ0(ξ, 0)dV0 = ∫

V

ρ(x, t)dV = ∫

V0 ρ(x(ξ, t), t)JdV0 = ∫

V0 ρ(ξ, t)JdV0,çâ® ¢ á¨«ã ¯à®¨§¢®«ì®áâ¨ V0 ¥¬¥¤«¥® ¯à¨¢®¤¨â ª (5.19).�®�® ¯à¨ïâì §   ªá¨®¬ë ¨ ®áâ «ìë¥ § ª®ë á®åà ¥¨ï:| ¤«ï «î¡®£® ¤¢¨�ãé¥£®áï ®¡ê¥¬ V (t) áª®à®áâì ¨§¬¥¥¨ï ¨¬¯ã«ìá à ¢  £« ¢®¬ã ¢¥ªâ®àã á¨«
d

dt

∫

V (t) ρvdV = ∫

V (t) ρfdV = ∫

S(t) pndS, (5.30)| ¤«ï «î¡®£® ¤¢¨�ãé¥£®áï ®¡ê¥¬  V (t) áª®à®áâì ¨§¬¥¥¨ï ¬®¬¥â  ¨¬-¯ã«ìá  à ¢  £« ¢®¬ã ¬®¬¥âã á¨«
d

dt

∫

V (t) ρ(x× v)dV = ∫

V (t) ρ(x× f)dV + ∫

S(t) (x× pn)dS, (5.31)| ¤«ï «î¡®£® ¤¢¨�ãé¥£®áï ®¡ê¥¬  V (t) áª®à®áâì ¨§¬¥¥¨ï ¯®«®© í¥à-£¨¨ à ¢  áã¬¬¥ ¬®é®áâ¨ ¬ áá®¢ëå á¨«, ¢®á¨¬®© ¬®é®áâ¨  ¯àï-�¥¨© ¨ ¯à¨â®ª  â¥¯« 
d

dt

∫

V (t) ρ(12 |v|2 + U)dV = ∫

V (t) ρv · fdV + ∫

S(t) v · pndS + ∫

S(t) qndS. (5.32)� «¥¥ ¬ë ¯¥à¥©¤¥¬ ª ¡®«¥¥ ¯®¤à®¡®¬ã à áá¬®âà¥¨î § ª®  á®åà ¥¨ï ¨¬-¯ã«ìá  (5.30), § ª®  á®åà ¥¨ï ¬®¬¥â  ¨¬¯ã«ìá  (5.31) ¨ § ª®  á®åà ¥¨ï¯®«®© í¥à£¨¨ (5.32). � íâ®© á¢ï§¨ ¯à¨¤¥âáï ãâ®ç¨âì àï¤ ¨á¯®«ì§ã¥¬ëå ¯®-ïâ¨©.
§ 6. � ª® á®åà ¥¨ï ¨¬¯ã«ìá . �¥§®à ¨áâ¨ëå ¯àï�¥¨©. � ª® á®åà ¥¨ï ¬®¬¥â  ¨¬¯ã«ìá .� ä®à¬ã«¨à®¢ª¥ § ª®  á®åà ¥¨ï ¨¬¯ã«ìá  (5.30) ¯à¨¨¬ îâ ãç áâ¨¥¤¢  â¨¯  á¨«: ¯®¢¥àå®áâë¥ pn ¨ ¬ áá®¢ë¥. Ǒ®á«¥¤¨¥ ¨®£¤   §ë¢ îâ®¡ê¥¬ë¬¨, ¯®áª®«ìªã ¨å ¯à®ï¢«¥¨¥ á¢ï§ ® á ª �¤®© ¬ â¥à¨ «ì®© â®çª®©,¯à¨ ¤«¥� é¥© § ¤ ®¬ã ®¡ê¥¬ã. �¡ëç® íâ® á¨«ë, ¢ë§ë¢ ¥¬ë¥ ¤¥©áâ¢¨¥¬£à ¢¨â æ¨®®£® ¨«¨ â¥¬¯¥à âãà®£® ¯®«ï. � áá®¢®© ï¢«ï¥âáï â ª�¥ ¨ á¨« ¨¥àæ¨¨.Ǒãáâì V { ¨§ãç ¥¬ë© ¬ â¥à¨ «ìë© ®¡ê¥¬,M { â®çª  ¢ãâà¨ íâ®£® ®¡ê¥¬ ¨ Si { ¯®¢¥àå®áâì, ¯à®å®¤ïé ï ç¥à¥§ â®çªã M ¨ à §¤¥«ïîé ï V   ¤¢¥ ç áâ¨:

V1 ¨ V2. �§ ¨¬®¤¥©áâ¢¨¥ ®¡ê¥¬®¢ V1 ¨ V2 ¯à®¨áå®¤¨â ç¥à¥§ ¯®¢¥àå®áâì Si. �â®çª®©M á¢ï�¥¬ í«¥¬¥â àãî ¯«®é ¤ªã �Si á ¥¤¨¨çë¬ ¢¥ªâ®à®¬ ®à¬ «¨ni. �à¥¤îî à¥§ã«ìâ¨àãîéãî á¨«ã ¢ â®çª¥M , ®â¥á¥ãî ª ¥¤¨¨æ¥ ¯«®é ¤¨�Si § ¤ ¤¨¬ ¢¥«¨ç¨®© �pi/�Si.Ǒà¥¤¯®« £ ¥âáï (¯à¨æ¨¯  ¯àï�¥¨© �®è¨), çâ® áãé¥áâ¢ã¥âlim�Si→0 �pi�Si

= pni
= pn(M).



42� (6.1) ¢ �®, çâ® ¢¥ªâ®à  ¯àï�¥¨© pn § ¢¨á¨â ®â ®à¨¥â æ¨¨ ¯«®é ¤ª¨�Si, â.¥. ®â ni, ® áãé¥áâ¢ã¥â ¯à¨ «î¡®© ®à¨¥â æ¨¨. �ç¥¢¨¤®, çâ®
−pn = p−n. (6.2)� (6.2) § ¯¨á  ¨§¢¥áâë© § ª® �ìîâ®  ® à ¢¥áâ¢¥ ¤¥©áâ¢¨ï ¨ ¯à®â¨¢®¤¥©-áâ¢¨ï.� â®çª¥ M   «®£¨ç® ¯à¥¤ë¤ãé¥¬ã ¬®�® ¡ë«® ¡ë ®¯à¥¤¥«¨âì ¨ ¢¥ªâ®à¬®¬¥â   ¯àï�¥¨© Qni

. �¤¥áì ¬ë ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ®lim�Si→0 �Qi�Si

= Qn = Qn(M) = 0.�â ª, á¤¥« ë¥ ¯à¥¤¯®«®�¥¨ï á¢®¤ïâáï ª á«¥¤ãîé¨¬:| ¢®§¤¥©áâ¢¨¥ ®¤®© ç áâ¨ áà¥¤ë V1   ¤àã£ãî V2 ®áãé¥áâ¢«ï¥âáï â®«ìª®ç¥à¥§ ¯®¢¥àå®áâì ª®â ªâ  Si;| ¤¥©áâ¢¨¥ ¢á¥å á¨«, ¯à¨«®�¥ëå ª �Si íª¢¨¢ «¥â® ¤¥©áâ¢¨î £« ¢®£®¢¥ªâ®à  á¨« ¨ £« ¢®£® ¬®¬¥â  íâ¨å á¨«, ¯à¨«®�¥ëå ¢ "æ¥âà¥" M ¯«®-é ¤ª¨ �Si;| ¤¥©áâ¢¨¥¬ £« ¢®£® ¬®¬¥â  á¨« ¬®�® ¯à¥¥¡à¥çì.� ä®à¬ «ì®© â®çª¨ §à¥¨ï  ¯àï�¥®¥ á®áâ®ï¨¥ ¢ â®çª¥M , ®¡ãá«®¢«¥-®¥ ¢§ ¨¬®¤¥©áâ¢¨¥¬ ®¡ê¥¬®¢ V1 ¨ V2, ®¯à¥¤¥«ï¥âáï ¡¥áª®¥çë¬  ¡®à®¬ ¯ àpni
, ni. �  á ¬®¬ ¤¥«¥ ¢á¥ á¢®¤¨âáï ª  ¡®àã âà¥å ¯ à: pn1 , n1; pn2 , n2; pn3 , n3.�à¨ ¨§¡à ë¥  ¯à ¢«¥¨ï n1, n2, n3 ¥áâ¥áâ¢¥ë¬ ®¡à §®¬ ¬®�® á¢ï§ âìá ¢ë¡®à®¬ á¨áâ¥¬ë ª®®à¤¨ â, ª®â®à ï ¨á¯®«ì§ã¥âáï ¯à¨ ®¯¨á ¨¨ ¨§ãç ¥¬®£®ï¢«¥¨ï. � ª®© ¢ë¡®à  ¬¨ ã�¥ á¤¥«  { íâ® ¤¥ª àâ®¢  ¯àï¬®ã£®«ì ï á¨áâ¥¬ ª®®à¤¨ â.� áá¬®âà¨¬ â¥âà í¤à á ¢¥àè¨®© M(x1, x2, x3), ¡®ª®¢ë¥ áâ®à®ë ª®â®à®-£® ¯ à ««¥«ìë ®àâ ¬ q1,q2,q3,   ¡®ª®¢ë¥ £à ¨ ï¢«ïîâáï ¯àï¬®ã£®«ìë¬¨âà¥ã£®«ì¨ª ¬¨ á® áâ®à® ¬¨ �x1,�x2,�x3. Ǒãáâì n { ¢¥èïï ®à¬ «ì ®á®-¢ ¨ï,   px1 ,px2 ,px3 ,pn {¢¥ªâ®àë  ¯àï�¥¨© (6.1), ¤¥©áâ¢ãîé¨¥   £à ¨à áá¬ âà¨¢ ¥¬®£® â¥âà í¤à . � ¯¨è¥¬ ãá«®¢¨¥ à ¢¥áâ¢  ã«î £« ¢®£® ¢¥ª-â®à  á¨«, ¤¥©áâ¢ãîé¥£®   ¬ â¥à¨ «ìë© ®¡ê¥¬ V â¥âà í¤à :pndS + 12(p−x1�x2�x3 + p−x2�x1�x3 + p−x3�x1�x2) + 16F�x1�x2�x3 = 0.�¤¥áì dS { ¯«®é ¤ì ®á®¢ ¨ï â¥âà í¤à , F { £« ¢ë© ¢¥ªâ®à ¬ áá®¢ëå á¨«,ãç áâ¢ãîé¨å ¢ à áá¬®âà¥¨¨. �á«¨ ãç¥áâì (6.2), â®pndS − px1dS1 − px2dS2 − px3dS3 + FdV = 0. (6.3)� ª ª ª

dSi

dS
= os(n̂,qi),â® ¯¥à¥å®¤ ¢ (6.3) ª ¯à¥¤¥«ã ¯à¨ �xi −→ 0 ¤ ¥âpn = px1 os(n̂,q1) + px2 os(n̂,q2) + px3 os(n̂,q3)¨«¨ pn = px1 os(n̂, x1) + px2 os(n̂, x2) + px3 os(n̂, x3). (6.4)�â ª, çâ®¡ë ®¯à¥¤¥«¨âì ¢¥ªâ®à  ¯àï�¥¨© pn   ¯«®é ¤ª¥ á ¥¤¨¨ç®© ®à-¬ «ìî n ¤®áâ â®ç® § âì ¢¥ªâ®àë  ¯àï�¥¨© px1 ,px2 ,px3 .



43�¥ªâ®à®¥ à ¢¥áâ¢® (6.4) íª¢¨¢ «¥â® âà¥¬ áª «ïàë¬(pn)j = pxixj
os(n̂, xi) = ∑

i

pxixj
os(n̂, xi). (6.5)�¢¥¤¥¬ ®¡®§ ç¥¨¥ pxixj

= pij {  ¯àï�¥¨¥ ¢  ¯à ¢«¥¨¨ xi   ¯«®é ¤-ª¥ ¯¥à¯¥¤¨ªã«ïà®©  ¯à ¢«¥¨î xj . �¥¢ïâì ¢¥«¨ç¨ pij ¢ (6.5) ¯®«®áâìî®¯à¥¤¥«ïîâ  ¯àï�¥®¥ á®áâ®ï¨¥ ¢ â®çª¥ M ∈ V . �¥§®àë© å à ªâ¥à ¢¥-«¨ç¨ pij «¥£ª® ãáâ  ¢«¨¢ ¥âáï «¨¡® á ¯®¬®éìî   «¨â¨ç¥áª®£® ®¯à¥¤¥«¥¨ïâ¥§®à  (2.1), «¨¡® á ¯®¬®éìî â¥§®à®£® ªà¨â¥à¨ï ¨§ § 3. �â ª, ®¯à¥¤¥«¥â¥§®à P à £  ¤¢  á ¬ âà¨æ¥© ª®¬¯®¥â(P) = 

p11 p12 p13
p21 p22 p23
p31 p32 p33 

 . (6.6)�¥§®à P ¨§ (6.6)  §ë¢ îâ â¥§®à®¬ ¨áâ¨ëå  ¯àï�¥¨© ¨«¨ â¥§®à®¬�©«¥à . � á¨«ã (5.1) ® ®¯à¥¤¥«¥ ¤«ï ¤¥ä®à¬¨à®¢ ®£® á®áâ®ï¨ï ¬ â¥à¨- «ì®£® ®¡ê¥¬  V ¨ pij = pij(x, t). �¥§®à ¨áâ¨ëå  ¯àï�¥¨© (6.6) ¢¢¥¤¥�.�®è¨. �®¢®àï ® â¥§®à¥ �©«¥à , «¨èì ¯®¤ç¥àª¨¢ îâ, çâ® P ¨§ (6.6) á®®â¢¥â-áâ¢ã¥â í©«¥à®¢ã ®¯¨á ¨î ¯à®æ¥áá . �«ï ¤ «ì¥©è¥£® áãé¥áâ¢¥®, çâ® (6.5)¬®�® ¯¥à¥¯¨á âì ¢ â ª®¬ ¢¨¤¥pn = nP ←→ (pn)∗ = P
∗(n)∗. (6.7)�¤¥áì P∗ { â¥§®à á®¯àï�¥ë© ª P, (pn)∗, (n)∗ {¢¥ªâ®àë-áâ®«¡æë, pn, n {¢¥ªâ®àë-áâà®ª¨.� ¯®¬®éìî (6.7) ¨ ä®à¬ã«ë � ãáá -�áâà®£à ¤áª®£® (4.58) § ª® á®åà ¥¨ï¨¬¯ã«ìá  (5.30) ¯à¥®¡à §ã¥âáï á«¥¤ãîé¨¬ ®¡à §®¬

d

dt

∫

V

ρvdV = ∫

V

ρfdV + ∫

V

divPdV. (6.8)� «ì¥©è¨¥ ¯à¥®¡à §®¢ ¨ï «¥¢®© ç áâ¨ ¢ (6.8) ï¢«ïîâáï áâ ¤ àâë¬¨ ¨ ã�¥¨á¯®«ì§®¢ «¨áì ¢ § 5 ¯à¨ ¯®«ãç¥¨¨ ãà ¢¥¨ï ¥à §àë¢®áâ¨ ¢ í©«¥à®¢®¬ ®¯¨-á ¨¨ (5.6) ¨§ ¯®áâã«¨àã¥¬®£® § ª®  á®åà ¥¨ï ¬ ááë (5.29). �â ª,
d

dt

∫

V

ρvdV = d

dt

∫

V0 ρvJdV0 = ∫

V0 d

dt
(ρvJ)dV0 == ∫

V0 (dρ
dt
v + ρ

dv
dt

+ ρvdivv)
JdV0 = ∫

V

(dρ
dt
v + ρ

dv
dt

+ ρvdivv)
dV.� á¨«ã  ªá¨®¬ë á®åà ¥¨ï ¬ ááë (5.29) á¯à ¢¥¤«¨¢® (5.6), â.¥.

dρ

dt
= −ρdivv.Ǒ®íâ®¬ã

d

dt

∫

V

ρvdV = ∫

V

ρ
dv
dt
dV¨ § ª® á®åà ¥¨ï ¨¬¯ã«ìá  (6.8) ¬®�® ¯à¥¤áâ ¢¨âì â ª

∫

V

[
ρ
dv
dt
− (divP + ρf)] dV = 0, (6.9)



44çâ® ¢ á¨«ã ¯à®¨§¢®«ì®áâ¨ V ¤ ¥â
ρ
dv
dt

= divP + ρf . (6.10)�¤¨¬ ¨§ ¨áª®¬ëå ¯ à ¬¥âà®¢ ¢ (5.6), (6.10) ï¢«ï¥âáï áª®à®áâì v, ª®â®à ï®¯à¥¤¥«¥  á ¯®¬®éìî ä®à¬ã«ë (5.22)
vi = dxi

dt
←→ v = dx

dt
= _x.Ǒà¨ í©«¥à®¢®¬ ®¯¨á ¨¨ ¨§ãç ¥¬ëå ¯à®æ¥áá®¢ ¨áª®¬ë¥ ¯ à ¬¥âàë ï¢«ïîâáï¯ à ¬¥âà ¬¨ ¤¥ä®à¬¨à®¢ ®£® á®áâ®ï¨ï, ª®â®à®¥ ®¯à¥¤¥«¥® ¢ (5.1) á«¥¤ãî-é¨¬ ®¡à §®¬

xi = ξi + ui ←→ x = ξ + u.�¤¥áì u { ¢¥ªâ®à ¯¥à¥¬¥é¥¨ï. Ǒ®íâ®¬ã  àï¤ã á (5.22) íª¢¨¢ «¥âë¬ ¡ã¤¥â¨ â ª®¥ ®¯à¥¤¥«¥¨¥ áª®à®áâ¨ v:
vi = dui

dt
←→ v = du

dt
= _u. (6.11)� «ì¥©è¥¥ § ¢¨á¨â ®â â®£® ª ª®¬ã ¨§ ®¯¨á ¨© á®®â¢¥âáâ¢ã¥â ¢¥ªâ®à ¯¥à¥¬¥-é¥¨© u. �á«¨ u = u(ξ, t) { « £à �¥¢® ®¯¨á ¨¥, â® ª ª ¨ ¢ (5.23)v = _u = du(ξ, t)

dt
= ∂u(ξ, t)

∂t
. (6.12)�á«¨ �¥ u = u(x, t) { í©«¥à®¢® ®¯¨á ¨¥, â® ¢ á®®â¢¥âáâ¢¨¨ á (5.24)

vj = _uj = duj

dt
= ∂uj

∂t
+ vi

∂uj

∂xi

. (6.13)Ǒ®« ï ¯à®¨§¢®¤ ï ¯® ¢à¥¬¥¨ ®â áª®à®áâ¨ ¥áâì _v = a { ãáª®à¥¨¥ ¨ ¢ í©«¥-à®¢®¬ ®¯¨á ¨ ä = d2u
dt2 = dv

dt
= ∂v

∂t
+ vi

∂v
∂xi

, aj = ∂vj

∂t
+ vi

∂vj

∂xi

. (6.14)Ǒ®íâ®¬ã ¤¨ää¥à¥æ¨ «ìãî ä®à¬ã § ¯¨á¨ § ª®  á®åà ¥¨ï ¨¬¯ã«ìá  (6.10)¬®�® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥
ρa = divP + ρf , ρ

d2u
dt2 = divP + ρf . (6.15)�ç¥¢¨¤®, çâ® ρa = ρ�u ¢ (6.15) ¥áâì á¨«  ¨¥àæ¨¨, ª®â®à ï, ª ª ¨ ρf ï¢«ï¥âáï¬ áá®¢®© (®¡ê¥¬®©).� «¥¥ ¬ë ¯à¨¢¥¤¥¬ ¤àã£®©, ¬¥¥¥ ä®à¬ «ìë© ¢ë¢®¤ (6.10). Ǒãáâì ¤¥ä®à-¬¨à®¢  ï áà¥¤ , § ¨¬ îé ï ®¡ê¥¬ V ¨ ¯®¤¢¥à£ îé ïáï ¤¥©áâ¢¨î ®¡ê¥¬ëå¨ ¯®¢¥àå®áâëå á¨«,  å®¤¨âáï ¢ á®áâ®ï¨¨ à ¢®¢¥á¨ï. Ǒãáâì dV { í«¥¬¥-â àë© ¯ à ««¥«¥¯¨¯¥¤, à¥¡à  ª®â®à®£® ¯ à ««¥«ìë q1,q2,q3,   ¤«¨ë à ¢ëá®®â¢¥âáâ¢¥® �x1,�x2,�x3. �« ¢ë¬ ¬®¬¥â®¬ á¨«, ¤¥©áâ¢ãîé¨¬   dV¡ã¤¥¬ ¯à¥¥¡à¥£ âì. �ã¤¥¬ â ª�¥ áç¨â âì, çâ® ®¡ê¥¬ë¥ á¨«ë ¯à¨«®�¥ë ªæ¥âàã âï�¥áâ¨ dV ,   ¯®¢¥àå®áâë¥ á¨«ë { ª æ¥âàã âï�¥áâ¨ á®®â¢¥âáâ¢ãî-é¥© £à ¨. � ¯¨è¥¬ ãá«®¢¨¥ à ¢¥áâ¢  ã«î £« ¢®£® ¢¥ªâ®à  ¢¥è¨å á¨«,



45¤¥©áâ¢ãîé¨å   í«¥¬¥â àë© ¯ à ««¥«¥¯¨¯¥¤ dV :p−x1�x2�x3 + (px1 + ∂px1
∂x1 �x1)�x2�x3++p−x2�x1�x3 + (px2 + ∂px2
∂x2 �x2)�x1�x3++p−x3�x1�x2 + (px3 + ∂px3
∂x3 �x3)�x1�x2++F�x1�x2�x3 = 0. (6.16)� (6.16) F { ¢¥ªâ®à ®¡ê¥¬ëå á¨«. �çâ¥¬ â¥¯¥àì (6.2) ¨ ¯¥à¥©¤¥¬ ¢ (6.16) ª¯à¥¤¥«ã ¯à¨ �xi −→ 0. �®£¤ 

∂pxi

∂xi

+ F = 0←→ divP + F = 0←→ ∂pij

∂xi

+ Fj = 0, i, j = 1, 2, 3. (6.17)�®áâ â®ç® â¥¯¥àì ¯®«®�¨âì ¢ (6.17)F = ρf − ρa, (6.18)çâ®¡ë ¯®«ãç¨âì (6.10) ¨«¨ (6.15). � ¯¥à¥å®¤¥ ®â (6.17), (6.18) ª (6.10) à¥ «¨§®¢ å®à®è® ¨§¢¥áâë© ¢ ¬¥å ¨ª¥ ¯à¨æ¨¯ � « ¬¡¥à .�â â¨ç¥áª¨¬¨ (ª¢ §¨áâ â¨ç¥áª¨¬¨) ¯à®æ¥áá ¬¨ ¢ ¬¥å ¨ª¥ á¯«®èëå áà¥¤ §ë¢ îâ ¯à®æ¥ááë, ¢ ª®â®àëå å à ªâ¥à®¥ ¢à¥¬ï ¨§¬¥¥¨ï § ¤ ëå  £àã-§®ª ¬ «® ¯® áà ¢¥¨î á å à ªâ¥àë¬ ¢à¥¬¥¥¬ à á¯à®áâà ¥¨ï ¢®§¬ãé¥¨© ¢á¯«®è®© áà¥¤¥. �«ï â ª¨å ¯à®æ¥áá®¢ á ¤®áâ â®ç®© áâ¥¯¥ìî â®ç®áâ¨ ¬®�®¯à¥¥¡à¥çì á¨« ¬¨ ¨¥àæ¨¨ ¨ áç¨â âì, çâ® ¬ áá®¢ ï á¨«  ρf «¨¡® ¥ § ¢¨á¨â ®â
t (áâ â¨ç¥áª¨© ¯à®æ¥áá), «¨¡® § ¢¨á¨â ®â t ¯ à ¬¥âà¨ç¥áª¨ (ª¢ §¨áâ â¨ç¥áª¨©¯à®æ¥áá). � íâ¨å á«ãç ïå (6.17) ®§ ç ¥â, çâ® ¢®§¤¥©áâ¢¨¥ ¬ áá®¢ëå á¨« ρf ¢«î¡®¬ í«¥¬¥â à®¬ ®¡ê¥¬¥ dV ãà ¢®¢¥è¨¢ ¥âáï à¥ ªæ¨¥© divP. � á®®â¢¥â-áâ¢¨¨ á â®«ìª® çâ® áª § ë¬ (6.17)  §ë¢ îâ ãà ¢¥¨¥¬ à ¢®¢¥á¨ï. �á«¨áâ â¨ç¥áª®¥ à ¢®¢¥á¨¥ ¥ ¨¬¥¥â ¬¥áâ , â® ¤«ï ª �¤®© ¬ â¥à¨ «ì®© â®çª¨
M ∈ dV ®¯à¥¤¥«¥® ¤¢¨�¥¨¥, § ¤ ¢ ¥¬®¥ ¢¥ªâ®à®¬ v ¨§ (5.22),   ¢ ª �¤ë©¬®¬¥â ¢à¥¬¥¨ t á¨«  ρf ¨ à¥ ªæ¨ï divP ãà ¢®¢¥è¨¢ îâáï á¨«®© ¨¥àæ¨¨ ρa(¯à¨æ¨¯ � « ¬¡¥à ). Ǒ®íâ®¬ã ¢ (6.17)F = {

ρf { ¤«ï áâ â¨ç¥áª¨å ¯à®æ¥áá®¢,(ρf − ρa) { ¤«ï ¤¨ ¬¨ç¥áª¨å ¯à®æ¥áá®¢. (6.19)�ç¨âë¢ ï ¢ëè¥áª § ®¥, ¯®áâã«¨àã¥¬ë© ¢ (5.31) § ª® á®åà ¥¨ï ¬®¬¥-â  ¨¬¯ã«ìá  ¬®�® áä®à¬ã«¨à®¢ âì á«¥¤ãîé¨¬ ®¡à §®¬: ¤«ï «î¡®£® t > t0∫

V

(x× F)dV + ∫

S

(x× pn)dS = 0. (6.20)� «ì¥©è¥¥ á¢ï�¥¬ á ¯à¥®¡à §®¢ ¨¥¬ ¯®¢¥àå®áâ®£® ¨â¥£à «  ¢ (6.20). �¬¥-¥¬ ∫

S

(x× pn)dS = ∫

S

(x× pxi
os(n̂, xi))dS = ∫

V

∂

∂xi

(x× pxi
)dV == ∫

V

( ∂x
∂xi

× pxi

)
dV + ∫

V

(x× ∂pxi

∂xi

)
dV == ∫

V

(qi × qj)pjidV + ∫

V

(x× divP)dV. (6.21)



46Ǒ®¤áâ ®¢ª  (6.21) ¢ (6.20) ¤ ¥â
∫

V

[x× (divP + F)℄dV + ∫

V

(qi × qj)pjidV = 0. (6.22)Ǒ®áª®«ìªã (qi × qi) = 0, (qi × qj) = −(qj × qi),â® (qi × qj)pji = (qi × qj)
j<i

(pji − pij). (6.23)�áâ ¥âáï ¯®¤áâ ¢¨âì (6.23) ¢ (6.22), çâ®¡ë ¯®«ãç¨âì ®ª®ç â¥«ìë© à¥§ã«ìâ â
∫

V

[x× (divP + F)℄dV + ∫

V

(qi × qj)
j<i

(pji − pij)dV = 0. (6.24)�â ª, § ª® á®åà ¥¨ï ¬®¬¥â  ¨¬¯ã«ìá  (6.20) ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ ãà ¢-¥¨© (6.17), (6.19) ¨ ¯à¥¤¯®«®�¥¨ï ® á¨¬¬¥âà¨ç®áâ¨ â¥§®à  ¨áâ¨ëå  -¯àï�¥¨©: P = P∗. �á«¨ �¥ á¨¬¬¥âà¨ç®áâì P ¢ (6.17) § à ¥¥ ¥ ¯à¥¤¯®-« £ ¥âáï, â® á®®â®è¥¨¥ P = P∗ ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ (6.17), (6.19) ¨ § ª® á®åà ¥¨ï ¬®¬¥â  ¨¬¯ã«ìá  (6.20).�®�® â ª�¥ ®â¬¥â¨âì, çâ® § ª«îç¥¨¥ ® á¨¬¬¥âà¨ç®áâ¨ â¥§®à  ¨áâ¨-ëå  ¯àï�¥¨© P ¢ (6.17) ¢ëâ¥ª ¥â ¨§ ãá«®¢¨ï à ¢¥áâ¢  ã«î ¬®¬¥â®¢ á¨«,¤¥©áâ¢ãîé¨å   £à ïå í«¥¬¥â à®£® ®¡ê¥¬  dV . �¥©áâ¢¨â¥«ì®, ¯® ®¯à¥¤¥-«¥¨î ¬®¬¥â  íâ® ®§ ç ¥â, çâ®det


q1 q2 q3�x1 0 0
p11 p12 p13 

�x2�x3 +

q1 q2 q30 �x2 0
p21 p22 p23 

�x1�x3++

q1 q2 q30 0 �x3
p31 p32 p33 

�x1�x2 = 0.Ǒ®¤¥«¨¢ íâ® à ¢¥áâ¢®   �x1�x2�x3 ¨ à áªàë¢ ï ®¯à¥¤¥«¨â¥«¨, ¯®«ãç ¥¬(−q2p13 + q3p12) + (q1p23 + q3p21) + (−q1p32 + q2p31) = 0¨«¨ (p23 − p32)q1 + (p31 − p13)q2 + (p12 − p21)q3 = 0. (6.25)�¥¯¥àì ®áâ ¥âáï ãç¥áâì, çâ® ¢ (6.17) ¨ ¢ (6.25) ¢¥«¨ç¨ë pij ï¢«ïîâáï ª®¬¯®-¥â ¬¨ ®¤®£® ¨ â®£® �¥ â¥§®à  P.�à ¢¥¨¥ ¥à §àë¢®áâ¨, á®®â¢¥âáâ¢ãîé¥¥ § ª®ã á®åà ¥¨ï ¬ ááë(5.29) ¬®�® § ¯¨á âì ª ª ¢ ¤¨¢¥à£¥â®© ä®à¬¥ (5.6)
∂ρ

∂t
+ div(ρv) = 0,â ª ¨ ¢ ¥¤¨¢¥à£¥â®©

dρ

dt
+ ρdivv = 0. (6.26)�ª¢¨¢ «¥â®áâì íâ¨å ãà ¢¥¨© á«¥¤ã¥â ¨§ (4.44) ¨ ®¯à¥¤¥«¥¨ï ¯®«®© ¯à®-¨§¢®¤®© ¯® ¢à¥¬¥¨ ¯à¨ í©«¥à®¢®¬ ®¯¨á ¨¨ (5.24). �ë¡®à â®© ¨«¨ ¨®© ä®à-¬ë § ¯¨á¨ ¢ ª �¤®© ª®ªà¥â®© á¨âã æ¨¨ ¬®�¥â ¡ëâì ®¡ãá«®¢«¥ à §«¨çë¬¨



47¯à¨ç¨ ¬¨. Ǒà¨ ¨á¯®«ì§®¢ ¨¨ ¬¥â®¤  á¥â®ª (à §®áâëå ¬¥â®¤®¢) ¤«ï ç¨-á«¥®£® à¥è¥¨ï § ¤ ç ¬¥å ¨ª¨ á¯«®è®© áà¥¤ë ¯à ªâ¨ç¥áª¨ ®¡é¥¯à¨ïâ®©ï¢«ï¥âáï â®çª  §à¥¨ï ® ¯à¥¤¯®çâ¨â¥«ì®áâ¨ ¤¨¢¥à£¥â®© ä®à¬ë § ¯¨á¨ § -ª®®¢ á®åà ¥¨ï ¬ ááë, ¨¬¯ã«ìá  ¨ ¯®«®© í¥à£¨¨. �¬¥® ¢ íâ®© á¢ï§¨¯à¥¤áâ ¢¨¬ §¤¥áì § ª® á®åà ¥¨ï ¨¬¯ã«ìá  (5.30) ¢ ¤¨¢¥à£¥â®© ¤¨ää¥à¥-æ¨ «ì®© ä®à¬¥.�ã¤¥¬ ¨áå®¤¨âì ¨§ ãà ¢¥¨ï ¤¢¨�¥¨ï (6.10)
ρ
dv
dt

= divP + ρf , P = P
∗.Ǒà¥�¤¥ ¢á¥£® ®â¬¥â¨¬ ®ç¥¢¨¤ë¥ â®�¤¥áâ¢ 

ρ
∂vi

∂t
= ∂

∂t
(ρvi)− vi

∂ρ

∂t
, (6.27)

ρvj

∂vi

∂xj

= ∂

∂xj

(ρvivj)− vi

∂

∂xj

(ρvj) (6.28)¨ ª®¬¯®¥âãî § ¯¨áì ¤¨¢¥à£¥â®£® ãà ¢¥¨ï ¥à §àë¢®áâ¨
∂ρ

∂t
+ ∂

∂xj

(ρvj) = 0. (6.29)�à®¬¥ â®£®, ¯® ®¯à¥¤¥«¥¨î
ρ
dvi

∂t
= ρ

∂vi

∂t
+ ρvj

∂vi

∂xj

. (6.30)�á«¨ â¥¯¥àì á«®�¨âì (6.27) ¨ (6.28), â® á ãç¥â®¬ (6.29), (6.30) ¯®«ãç¨¬
ρ
dvi

∂t
= ∂

∂t
(ρvi) + ∂

∂xj

(ρvivj).�âáî¤  ¥¬¥¤«¥® á«¥¤ã¥â ¤¨¢¥à£¥â ï ¤¨ää¥à¥æ¨ «ì ï ä®à¬  ãà ¢¥¨ï¤¢¨�¥¨ï ¢ ª®¬¯®¥â®© § ¯¨á¨
∂(ρvi)
∂t

= ∂

∂xj

(pji − ρvivj) + ρfi, pij = pji. (6.31)� á®®â¢¥âáâ¢¨¨ á â¥§®àë¬ ªà¨â¥à¨¥¬ ¨§ § 3 ¢¥«¨ç¨ë vivj ï¢«ïîâáï ª®¬¯®-¥â ¬¨ á¨¬¬¥âà¨ç®£® ¤¨ ¤®£® â¥§®à  (v ⊗ v) à £  ¤¢  ¨ â®£¤ 
∂ρv
∂t

= div[P − ρ(v ⊗ v)℄ + ρf , P = P
∗. (6.32)� ¢ § ª«îç¥¨¥ íâ®£® ¯ à £à ä  ®¡à â¨¬áï ª ¤¨ää¥à¥æ¨ «ìë¬ ¬ â¥-¬ â¨ç¥áª¨¬ ¬®¤¥«ï¬ ¬¥å ¨ª¨ á¯«®è®© áà¥¤ë, ª®â®àë¥ ®á®¢ ë   § ª® åá®åà ¥¨ï ¬ ááë (5.29) ¨ ¨¬¯ã«ìá  (5.30). �«ï í©«¥à®¢  ®¯¨á ¨ï ¨¬¥¥¬

∂ρ

∂t
+ div(ρv) = 0

∂ρv
∂t

= div[P − ρ(v ⊗ v)℄ + ρf , P = P
∗.

(6.33)�¥âëà¥ ãà ¢¥¨ï ¢ (6.32) á¢ï§ë¢ îâ ¤¥áïâì ¨áª®¬ëå ¯ à ¬¥âà®¢: ρ(x, t),
vi(x, t), pij(x, t). �¨á«® ãà ¢¥¨© ¬¥ìè¥ ç¨á«  ¨áª®¬ëå ¯ à ¬¥âà®¢, ¤¨ä-ä¥à¥æ¨ «ì ï ¬®¤¥«ì (6.23) ¥ ï¢«ï¥âáï § ¬ªãâ®©.



48 �¨¤ª®áâì, ¢ ª®â®à®© ®âáãâáâ¢ã¥â ¢ãâà¥¥¥ âà¥¨¥,  §ë¢ ¥âáï ¨¤¥ «ì-®©. �«ï ¨¤¥ «ì®© �¨¤ª®áâ¨ â¥§®à ¨áâ¨ëå  ¯àï�¥¨© �©«¥à  (6.6) ï¢«ï-¥âáï è à®¢ë¬, â.¥.
P = −pG. (6.34)� (6.34) G { ¬¥âà¨ç¥áª¨© â¥§®à, § ¤ ¢ ¥¬ë© á¬¥è ë¬¨ ª®¬¯®¥â ¬¨ g i

·j ,â ª çâ® ¤«ï à áá¬ âà¨¢ ¥¬®© á¨áâ¥¬ë ª®®à¤¨ â gi
·j = δij . �ª «ïà ï äãªæ¨ï

p = p(x, t) ¢ (6.34)  §ë¢ ¥âáï ¤ ¢«¥¨¥¬. �«ï ¨¤¥ «ì®© �¨¤ª®áâ¨ ¢¬¥áâ®(6.32) ¡ã¤¥¬ ¨¬¥âì
∂ρ

∂t
+ div(ρv) = 0

∂(ρv)
∂t

+ div(v ⊗ v) + gradp = ρf . (6.35)�¥¯¥àì ç¥âëà¥ ãà ¢¥¨ï ¢ (6.35) á¢ï§ë¢ îâ ¯ïâì ¨áª®¬ëå ¯ à ¬¥âà®¢: ρ(x, t),p(x, t), vi(x, t). �«ï § ¬ëª ¨ï ¬ â¥¬ â¨ç¥áª®© ¬®¤¥«¨ (6.35) ¤®áâ â®ç® § -¤ âì ãà ¢¥¨¥ á®áâ®ï¨ï
p = p(ρ). (6.36)�¯«®èãî áà¥¤ã á ®¯à¥¤¥«ïîé¨¬ á®®â®è¥¨¥¬ (6.34) ¨ ãà ¢¥¨¥¬ á®áâ®ï¨ï(6.36) ¯à¨ïâ®  §ë¢ âì ¡ à®âà®¯®©. �«ï § ¬ëª ¨ï ¬ â¥¬ â¨ç¥áª®© ¬®¤¥«¨(6.35) ¤®áâ â®ç® â ª�¥ ¯à¥¤¯®«®�¨âì, çâ® à áá¬ âà¨¢ ¥¬ ï �¨¤ª®áâì ï¢«ï¥â-áï ¥á�¨¬ ¥¬®©. �â® ¯à¥¤¯®«®�¥¨¥ § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥ _ρ = 0 ¨ ¢ á¨«ã (6.26)¯®§¢®«ï¥â ¢¬¥áâ® (6.35) ¯®«ãç¨âì § ¬ªãâãî ¬®¤¥«ì (ãà ¢¥¨ï �©«¥à )divv = 0, ρ = onst

ρ
∂v
∂t

+ div(v ⊗ v) + gradp = ρf ←→ ρ
∂v
∂t

+ gradp = ρf . (6.37)� á¢ï§¨ á ãà ¢¥¨ï¬¨ �©«¥à  ¢¥à¥¬áï ª ¬ â¥¬ â¨ç¥áª®© ¬®¤¥«¨ ä¨«ì-âà æ¨¨ ¥á�¨¬ ¥¬®© �¨¤ª®áâ¨ (5.10), ª®â®àãî ¯¥à¥¯¨è¥¬ §¤¥áì ¢ â ª®¬ ¢¨¤¥divv = 0, v = −k
µ
gradp, ρ = onst . (6.38)�à ¢¥¨¥ (6.37) ¨ (6.38) ¯®ª §ë¢ ¥â, çâ® á â®ç®áâìî ¤® ®¡ê¥¬ëå á¨« § ª®á®åà ¥¨ï ¨¬¯ã«ìá  ¤«ï ¨¤¥ «ì®© ¥á�¨¬ ¥¬®© �¨¤ª®áâ¨ ¢ ¬ â¥¬ â¨ç¥áª®©¬®¤¥«¨ ä¨«ìâà æ¨¨ (6.38) ¯à¥¤áâ ¢«¥ ¢ ä®à¬¥ § ª®  � àá¨.� ª® á®åà ¥¨ï ¨¬¯ã«ìá  ¢ § ¤ ç å ¬¥å ¨ª¨ á¯«®è®© áà¥¤ë ¨¬¥¥â ã¨-¢¥àá «ìë© å à ªâ¥à. � ¤àã£®© áâ®à®ë, ¢ â¥®à¨¨ ä¨«ìâà æ¨¨ § ª® � àá¨(5.8) ç áâ® ¯®áâã«¨àã¥âáï ¢ ª ç¥áâ¢¥ íªá¯¥à¨¬¥â «ì® ãáâ ®¢«¥®£®. Ǒ®íâ®-¬ã ¯®«¥§® å®âï ¡ë ¢ á ¬ëå ®¡é¨å ç¥àâ å ¨¬¥âì ¯à¥¤áâ ¢«¥¨¥ ® â¥å ¤®¯ã-é¥¨ïå, ª®â®àë¥ ¯®§¢®«ïîâ ¯¥à¥©â¨ ®â § ª®  á®åà ¥¨ï ¨¬¯ã«ìá  ª § ª®ã� àá¨.Ǒ®áª®«ìªã ρ _v = ρa, â® ¯¥à¢®¥ ¤®¯ãé¥¨¥ ®ç¥¢¨¤®: ¢ ä¨«ìâà æ¨®®¬â¥ç¥¨¨ á¨« ¬¨ ¨¥àæ¨¨ ¬®�® ¯à¥¥¡à¥çì. Ǒ®à¨áâãî áà¥¤ã ¢ ¯¥à¢®¬ ¯à¨-¡«¨�¥¨¨ ¬®�® ¯à¥¤áâ ¢¨âì á¥¡¥ ª ª á®¢®ªã¯®áâì á®®¡é îé¨åáï ¯®à®¢ëåª  «®¢, § ª«îç¥ëå ¢ â¢¥à¤ë© áª¥«¥â. Ǒà¨ â¥ç¥¨¨ �¨¤ª®áâ¨ (£ § ) ¢ â ª®©áà¥¤¥ ¢®§¨ª ¥â á¨«  âà¥¨ï   £à ¨æ¥ à §¤¥«  áª¥«¥â { �¨¤ª®áâì. Ǒ®áª®«ìªã¯®¢¥àå®áâì ¯®à®¢ëå ª  «®¢ ¤®áâ â®ç® ¢¥«¨ª , â® á¨«ã âà¥¨ï ¬®�® áç¨-â âì à á¯à¥¤¥«¥®© ¯® ¢á¥¬ã ®¡ê¥¬ã â¥ç¥¨ï ¨ à áá¬ âà¨¢ âì ª ª ®¡ê¥¬ãî.� ª®¢ á¬ëá« ¢â®à®£® ¤®¯ãé¥¨ï. �à¥âì¥ ¤®¯ãé¥¨¥ á®áâ®¨â ¢ â®¬, çâ® á¨« âà¥¨ï ¯à®¯®àæ¨® «ì  áª®à®áâ¨ ä¨«ìâà æ¨¨ v á ¥ª®â®àë¬ ª®íää¨æ¨¥â®¬



49¯à®¯®àæ¨® «ì®áâ¨ λ. �®¯ãáâ¨¬,  ª®¥æ, çâ® ¤¥©áâ¢¨¥¬ ¢á¥å ¨ëå ®¡ê¥¬ëåá¨«   ä¨«ìâà æ¨®®¥ â¥ç¥¨¥ ¬®�® ¯à¥¥¡à¥çì.� ãç¥â®¬ á¤¥« ëå ¤®¯ãé¥¨© § ª® á®åà ¥¨ï ¨¬¯ã«ìá  ¯à¥®¡à §ã¥âáïª ¢¨¤ã gradp = ρλv. (6.39)�®áâ â®ç® â¥¯¥àì ¢ (6.39) ¯®«®�¨âì λ = −µ/kρ, çâ®¡ë ¯®«ãç¨âì ®¡ëçãî § -¯¨áì (5.8) § ª®  � àá¨ ¤«ï ®¤®à®¤®© ¥á�¨¬ ¥¬®© �¨¤ª®áâ¨. �§ ãà ¢¥¨©�©«¥à  ¤ ¢«¥¨¥ p ®¯à¥¤¥«ï¥âáï á â®ç®áâìî ¤® ¯à®¨§¢®«ì®© ¯®áâ®ï®© p0,ª®â®à ï § ¤ ¥â ãà®¢¥ì ®âáç¥â  ¤ ¢«¥¨ï. �á«¨ ¢ (6.37) f = g ¨ ãáª®à¥¨¥ á¨«ëâï�¥áâ¨ g ¯®áâ®ï® ¯® ®¡ê¥¬ã, â®
ρ
dv
dt

+ gradp = ρg←→ ρ
dv
dt

+ grad� = 0, (6.40)£¤¥ � = p− p0 − ρg · x. (6.41)�ª «ïàãî äãªæ¨î � ¨§ (6.40), (6.41) ®¡ëç®  §ë¢ îâ ¬®¤¨ä¨æ¨à®¢ ë¬¤ ¢«¥¨¥¬ ¨«¨ ¯®â¥æ¨ «®¬. �á¯®«ì§®¢ ¨¥ ¯®â¥æ¨ «  ¢ ãà ¢¥¨ïå �©«¥-à  ¯®§¢®«ï¥â ¢ à ¬ª å ¯à¥¤ë¤ãé¨å ¤®¯ãé¥¨© áä®à¬ã«¨à®¢ âì § ª® � àá¨á«¥¤ãîé¨¬ ®¡à §®¬ v = −k
µ
grad�.�¥âàã¤® ¯®ïâì, çâ® ¢á¥ áª § ®¥ ¢ § 5 ® ¬ â¥¬ â¨ç¥áª®© ¬®¤¥«¨ ä¨«ìâà æ¨¨®¤®à®¤®© ¥á�¨¬ ¥¬®© �¨¤ª®áâ¨ (5.10), (5.11) ®áâ ¥âáï á¯à ¢¥¤«¨¢ë¬ ¨ ¤«ï¬ â¥¬ â¨ç¥áª®© ¬®¤¥«d̈ivv = 0, ρ = onst ., M ∈ D,v = −k

µ
grad�, � = p− p0 − ρg · x. (6.42)á ªà ¥¢ë¬ ãá«®¢¨¥¬ (5.11). � á«ãç ¥ ªà ¥¢®£® ãá«®¢¨ï (5.11¡) ¥¤¨áâ¢¥®¥ à¥-è¥¨¥ �(M) ¢ë¤¥«ï¥âáï á ¯®¬®éìî § ¤ ¨ï p0 ¨«¨ á ¯®¬®éìî ãá«®¢¨ï(�, 1)D = 0.

§ 7. �¥§®à ¤¥ä®à¬ æ¨¨. � â¥¬ â¨ç¥áª¨¥¬®¤¥«¨ "«¨¥©®©" â¥®à¨¨ ã¯àã£®áâ¨.� ®¡é¥¬ á«ãç ¥ ¤«ï § ¬ëª ¨ï ¤¨ää¥à¥æ¨ «ì®© ¬ â¥¬ â¨ç¥áª®© ¬®¤¥-«¨, ®á®¢ ®©   § ª® å á®åà ¥¨ï (5.29){(5.31)
dρ

dt
+ ρdivv = 0, v = du

dt

ρ
d2u
dt2 = divP + ρf , P = P

∗

(7.1) ¬ ¯®âà¥¡ã¥âáï ¢¢¥¤¥¨¥ ®¢ëå ®¡ê¥ªâ®¢, ®á®¢ë¬ ¨§ ª®â®àëå ï¢«ï¥âáï â¥-§®à ¤¥ä®à¬ æ¨¨. � ¯®¬¨¬, çâ® ¬ë à áá¬ âà¨¢ ¥¬ á¯«®èãî áà¥¤ã, ¬ â¥à¨- «ìë¥ ç áâ¨æë ª®â®à®© ¢  ç «ìë© ¬®¬¥â (¤® ¢®§¤¥©áâ¢¨ï ª ª¨å-«¨¡® á¨«)¨¬¥îâ ª®®à¤¨ âë ξi (« £à �¥¢ë ª®®à¤¨ âë),   ¢ â¥ªãé¨© ¬®¬¥â xi { í©-«¥à®¢ë. Ǒà¨ ¤¥ä®à¬ æ¨¨ áà¥¤ë ¥¥ ¬ â¥à¨ «ìë¥ ç áâ¨æë ¯¥à¥¬¥é îâáï ®â-®á¨â¥«ì® ¤àã£ ¤àã£  ¨ ¥á«¨ u(u1, u2, u3) { ¢¥ªâ®à ¯¥à¥¬¥é¥¨ï, â®
xi = ξi + ui(ξ1, ξ2, ξ3)←→ x = ξ + u,
ξi = xi − ui(x1, x2, x3)←→ ξ = x− u. (7.2)



50�®à¬ã«ë (7.2) ãáâ  ¢«¨¢ îâ ¢§ ¨¬®®¤®§ ç®¥ á®®â¢¥âáâ¢¨¥ ξ ←→ x ¨ ¯®-ª §ë¢ îâ, çâ® ®¯¨á ¨¥ ¯à®æ¥áá  ¤¥ä®à¬ æ¨¨ ¢ â¥à¬¨ å xi ¨«¨ ξi ¥¨§¡¥�®à §«¨ç ¥âáï.Ǒãáâì ¬ â¥à¨ «ì ï ç áâ¨æ  ¥¤¥ä®à¬¨à®¢ ®© á¯«®è®© áà¥¤ë  å®¤¨-« áì ¢ â®çª¥ A(ξ1, ξ2, ξ3) ≡ A(ξi),   ¢ à¥§ã«ìâ â¥ ¤¥ä®à¬ æ¨¨ ¯¥à¥¬¥áâ¨« áì¢ â®çªã A∗(xi). �«ï "¡«¨§ª®© á®á¥¤¥©" ¬ â¥à¨ «ì®© ç áâ¨æë ¡ã¤¥¬ ¨¬¥âì
B(ξi + dξi) −→ B∗(xi + dxi). �®£¤ 

|−→AB|2 = (ds)2 = ∑

i

dξ2i , |−−−→A∗B∗|2 = (ds∗)2 = ∑

i

dx2i .�§ (7.2) ¨¬¥¥¬
dxi = dξi + ∂ui

∂ξj
dξj (7.3)¨ ¯®íâ®¬ã

dx21 = (1 + ∂u1
∂ξ1 )2

dξ21 +(
∂u1
∂ξ2 )2

dξ22 +(
∂u1
∂ξ3 )2

dξ23++ 2(1 + ∂u1
∂ξ1 )

∂u1
∂ξ2 dξ1dξ2 + 2(1 + ∂u1

∂ξ1 )
∂u1
∂ξ3 dξ1dξ3 + 2∂u1

∂ξ2 ∂u1∂ξ3 dξ2dξ3,
dx22 = (

∂u2
∂ξ1 )2

dξ21 +(1 + ∂u2
∂ξ2 )2

dξ22 +(
∂u2
∂ξ3 )2

dξ23++ 2(1 + ∂u2
∂ξ2 )

∂u2
∂ξ1 dξ1dξ2 + 2∂u2

∂ξ1 ∂u2∂ξ3 dξ1dξ3 + 2(1 + ∂u2
∂ξ3 )

∂u2
∂ξ3 dξ2dξ3,

dx23 = (
∂u3
∂ξ1 )2

dξ21 +(
∂u3
∂ξ2 )2

dξ22 +(1 + ∂u3
∂ξ3 )2

dξ23++ 2∂u3
∂ξ1 ∂u3∂ξ2 dξ1dξ2 + 2(1 + ∂u3

∂ξ3 )
∂u3
∂ξ1 dξ1dξ3 + 2(1 + ∂u3

∂ξ3 )
∂u3
∂ξ2 dξ2dξ3.

(7.4)
�«¥¤®¢ â¥«ì®, (ds∗)2 − (ds)2 = 2ε̂ξiξk

dξidξk = 2ε̂ikdξidξk, (7.5)£¤¥ ¢ á®®â¢¥âáâ¢¨¨ á (7.4)2ε̂ik = ∂uk

∂ξi
+ ∂ui

∂ξk
+∑

j

∂uj

∂ξi

∂uj

∂ξk
, i, k, j = 1, 2, 3. (7.6)�à §ã �¥ ®â¬¥â¨¬, çâ® ε̂ik = ε̂ki.�¥áâì ª®íää¨æ¨¥â®¢ á¨¬¬¥âà¨ç®© ª¢ ¤à â¨ç®© ä®à¬ë (7.5) ¢ á¨«ã®¯à¥¤¥«¥¨ï (2.1) (¨«¨ â¥§®à®£® ªà¨â¥à¨ï ¨§ § 3) ï¢«ïîâáï ª®¬¯®¥â ¬¨ á¨¬-¬¥âà¨ç®£® â¥§®à  à £  ¤¢ . �â®â â¥§®à ®á¨â  §¢ ¨¥ â¥§®à  ª®¥çëå¤¥ä®à¬ æ¨© �à¨  ¨ á®®â¢¥âáâ¢ã¥â « £à �¥¢ã ®¯¨á ¨î ¯à®æ¥áá  ¤¥ä®à¬ æ¨¨.Ǒà¨ í©«¥à®¢®¬ ®¯¨á ¨¨ ¯à®æ¥áá  ¤¥ä®à¬ æ¨¨ á«¥¤ã¥â ¢¬¥áâ® (7.3) ¨á¯®«ì-§®¢ âì

dξi = dxi −
∂ui

∂xj

dxj¨ â®£¤  ¢¬¥áâ® (7.5) ¡ã¤¥¬ ¨¬¥âì(ds∗)2 − (ds)2 = 2~εxixk
dxidxk = 2~εikdxidxk,



51£¤¥ ~εik = ~εki { ª®¬¯®¥âë â¥§®à  ª®¥çëå ¤¥ä®à¬ æ¨© �«ì¬ á¨:2~εik = ∂uk

∂xi

+ ∂ui

∂xk

−
∑

j

∂uj

∂xi

· ∂uj

∂xk

, i, j, k = 1, 2, 3. (7.7)Ǒà¥¤¯®«®�¨¬ â¥¯¥àì, çâ® à áá¬ âà¨¢ ¥¬ ï á¯«®è ï áà¥¤  ï¢«ï¥âáï ã¯àã-£®©. �ª¢¨¢ «¥âë¬¨ ®¯à¥¤¥«¥¨ï¬¨ â ª®£® á¢®©áâ¢  ï¢«ïîâáï á«¥¤ãîé¨¥:1. �¥�¤ã â¥§®à ¬¨ ¤¥ä®à¬ æ¨© ¨  ¯àï�¥¨© ¨¬¥¥â ¬¥áâ® ¢§ ¨¬®®¤-®§ ç®¥ á®®â¢¥âáâ¢¨¥.2. � ¡®â  ¤¥ä®à¬ æ¨¨ ¯® «î¡®¬ã § ¬ªãâ®¬ã æ¨ª«ã à ¢  ã«î.� ¤ «ì¥©è¥¬ à¥çì ¯®©¤¥â ¨¬¥® ®¡ ã¯àã£¨å áà¥¤ å. � íâ®© á¢ï§¨ §¤¥áì áâ®¨â®â¬¥â¨âì, çâ® â®«ìª® ¤«ï â ª¨å áà¥¤ á¯à ¢¥¤«¨¢ ã¯®¬ïãâë© ¢ § 6 ¯à¨æ¨¯� « ¬¡¥à .Ǒà¨ ¢ë¡à ®¬ §¤¥áì í©«¥à®¢®¬ ®¯¨á ¨¨ á®®â®è¥¨ï "¤¥ä®à¬ æ¨¨ { ¯¥-à¥¬¥é¥¨ï" (7.7) ¨ ¯à¥¤¯®«®�¥¨¥ ® â®¬, çâ® ¨§ãç ¥¬ ï áà¥¤  ï¢«ï¥âáï ã¯àã-£®© ¤®áâ â®çë ¤«ï § ¬ëª ¨ï ¬ â¥¬ â¨ç¥áª®© ¬®¤¥«¨ (7.1). �¥©áâ¢¨â¥«ì®,®¯à¥¤¥«¥¨¥ 1 ¯à¥¤¯®« £ ¥â áãé¥áâ¢®¢ ¨¥ è¥áâ¨ á®®â®è¥¨© " ¯àï�¥¨ï{ ¤¥ä®à¬ æ¨¨": ~εαβ ←→ pik. �¨á«® ¨áª®¬ëå ¯ à ¬¥âà®¢ â ª®© ¬®¤¥«¨: ρ,
vi, ui, ~εik, pik à ¢® ç¨á«ã ãà ¢¥¨©, á¢ï§ë¢ îé¨å íâ¨ ¯ à ¬¥âàë. �®«ìª®çâ® áª § ®¥, ¡¥§ãá«®¢®, ®â®á¨âáï ¨ ª « £à �¥¢ã ®¯¨á ¨î. �¤¥áì á«¥¤ã¥â¯à¥¤¢ à¨â¥«ì® ¢¢¥áâ¨ ª ª®©-«¨¡® á¨¬¬¥âà¨çë© « £à �¥¢ â¥§®à  ¯àï�¥-¨© P̂ (â ª¨¥ áãé¥áâ¢ãîâ), ¯¥à¥©â¨ ¢ (7.1) ª « £à �¥¢ã ®¯¨á ¨î,   ¢¬¥áâ®(7.7) ¨á¯®«ì§®¢ âì (7.6). �®£¤  ®¯ïâì-â ª¨ ¢ á¨«ã ®¯à¥¤¥«¥¨ï 1 áãé¥áâ¢ãîâè¥áâì á®®â®è¥¨© " ¯àï�¥¨ï { ¤¥ä®à¬ æ¨¨": ε̂αβ ←→ p̂ik.�¥¯¥àì á«¥¤ã¥â ª®ªà¥â¨§¨à®¢ âì á®®â®è¥¨ï " ¯àï�¥¨ï { ¤¥ä®à¬ -æ¨¨" ¤«ï ã¯àã£®© áà¥¤ë. �ã¤¥¬ áç¨â âì, çâ® ¨§ãç ¥¬ë¥ ¯à®æ¥ááë ¯à®¨áå®¤ïâ¡¥§ ®¡¬¥  â¥¯«  á ¢¥è¥© áà¥¤®© ( ¤¨ ¡ â¨ç¥áª¨¥ ¯à®æ¥ááë). � á¯¥æ¨ «ìëåà §¤¥« å ¬¥å ¨ª¨ á¯«®è®© áà¥¤ë ¯®ª §ë¢ ¥âáï, çâ® á¢®©áâ¢® "ã¯àã£®áâì" ¢á¬ëá«¥ ®¯à¥¤¥«¥¨ï 2 ¯à¨¢®¤¨â ª á«¥¤ãîé¨¬ á®®â®è¥¨ï¬ " ¯àï�¥¨ï {¤¥ä®à¬ æ¨¨" (ä®à¬ã«ë �ãà £  ):

pij = ρ0
ρ
(δij − 2~εik) ∂U

∂~εkj

. (7.8)� (7.8) U = U(J1, J2, J3) ≥ 0 { ã¤¥«ì ï ¢ãâà¥ïï í¥à£¨ï; J1, J2, J3 { ¨¢ -à¨ âë â¥§®à  ª®¥çëå ¤¥ä®à¬ æ¨© �«ì¬ á¨ (7.7), â ª çâ® (á¬.(3.49))
J1 = tr(~E ), J2 = 12(~εii~εkk − ~ε2ik), J3 = det(~εik). (7.9)�§ (7.8) ¢ëâ¥ª ¥â, çâ® ¡¥§ ª ª¨å-«¨¡® ¤®¯®«¨â¥«ìëå ¯à¥¤¯®«®�¥¨© ®â®á¨-â¥«ì® ã¯àã£®© áà¥¤ë, § ¢¨á¨¬®áâì ¬¥�¤ã â¥§®à ¬¨ P ¨ ~E ¥ á¢®¤¨âáï â®«ìª®ª «¨¥©®©.Ǒãáâì ¬¥�¤ã â¥§®à®¬ ¨áâ¨ëå  ¯àï�¥¨© P ¨ â¥§®à®¬ ª®¥çëå ¤¥-ä®à¬ æ¨© �«ì¬ á¨ ¨¬¥¥â ¬¥áâ® ª ª ï-«¨¡® § ¢¨á¨¬®áâì â¨¯ 

P = ∑

m

αm
~E m, ~E 0 = G, gi

k = δik, (7.10)£¤¥ αm { áª «ïàë¥ äãªæ¨¨ ¨¢ à¨ â®¢ â¥§®à  ¤¥ä®à¬ æ¨¨,   ~E m ¯®¨-¬ ¥âáï ª ª m-ªà â ï ª®¬¯®§¨æ¨ï â¥§®à  ~E . �®¬¯®¥âë â¥§®à  ~E m ¬®£ãâ¡ëâì ¢ëç¨á«¥ë á ¯®¬®éìî (3.12). � á¨«ã â¥®à¥¬ë �í«¨{� ¬¨«ìâ®  ª �¤ ï



52ª¢ ¤à â ï ¬ âà¨æ  ï¢«ï¥âáï ª®à¥¬ á¢®¥£® å à ªâ¥à¨áâ¨ç¥áª®£® ¬®£®ç«¥ .Ǒ®íâ®¬ã ~E 3 = J1 ~E 2 − J2 ~E + J3G. (7.11)�®®â®è¥¨¥ (7.11) ¯®§¢®«ï¥â ¨áª«îç¨âì ¨§ (7.10) ~E m ¤«ï m ≥ 3 ¨ ¯à¥¤áâ ¢¨âì(7.10) ¢ â ª®¬ ¢¨¤¥ ~P = β0G+ β1 ~E + β2 ~E 2, (7.12)£¤¥ β0, β1, β2 { áª «ïàë¥ äãªæ¨¨ ¨¢ à¨ â®¢ J1, J2, J3.�¯«®è ï áà¥¤  V  §ë¢ ¥âáï ®¤®à®¤®©, ¥á«¨ ¥¥ á¢®©áâ¢  ®¤¨ ª®¢ë ¤«ïª �¤®© ¬ â¥à¨ «ì®© â®çª¨ M ∈ V . �§®âà®¯®©  §ë¢ îâ â ªãî áà¥¤ã, á¢®©-áâ¢  ª®â®à®© ®¤¨ ª®¢ë ¢® ¢á¥å  ¯à ¢«¥¨ïå. �á«¨ U , βi ï¢«ïîâáï äãªæ¨ï¬¨â®«ìª® ¨¢ à¨ â®¢ J1, J2, J3, â® á¯«®è ï áà¥¤ , ª®â®à®© ¯à¨¯¨á ® á¢®©áâ¢®(7.8) ¨«¨ (7.11) ¯® ®¯à¥¤¥«¥¨î ï¢«ï¥âáï ®¤®à®¤®© ¨ ¨§®âà®¯®©. �â®, ¢á¢®î ®ç¥à¥¤ì, ®§ ç ¥â, çâ® â¥§®à ~E ®¯à¥¤¥«¥, ¢®®¡é¥ £®¢®àï, á â®ç®áâìî ¤®®àâ®£® «ì®£® â¥§®à .� «ì¥©è¥¥ á¢ï�¥¬ á «¨¥ à¨§ æ¨¥© § ¬ªãâ®© ¬®¤¥«¨ (7.1), (7.7), (7.12).�ã¤¥¬ áç¨â âì, çâ® ¯¥à¢ë¥ ¯à®¨§¢®¤ë¥ ¯¥à¥¬¥é¥¨© ¯® ¯à®áâà áâ¢¥ë¬ ¯¥-à¥¬¥ë¬ ¬ «ë ¯® áà ¢¥¨î á ¥¤¨¨æ¥©,   ¯à®¨§¢¥¤¥¨ï¬¨ ¨ ª¢ ¤à â ¬¨ ¯¥à-¢ëå ¯à®¨§¢®¤ëå ¬®�® ¯à¥¥¡à¥çì ¯® áà ¢¥¨î á ¯¥à¢ë¬¨ ¯à®¨§¢®¤ë¬¨,â.¥.
∂ui

∂xk

≪ 1 −→ ∂ui

∂xk

= O(δ), ∂ui

∂xα

∂uk

∂xβ

= O(δ2). (7.13)�â® ¯à¥¤¯®«®�¥¨¥ ¯®§¢®«ï¥â:| ¯¥à¥©â¨ ¢ (7.7) ®â â¥§®à  �«ì¬ á¨ ª â¥§®àã ¬ «ëå ¤¥ä®à¬ æ¨© E2εik = ∂ui

∂xk

+ ∂uk

∂xi

, (7.14)| á â®ç®áâìî ¤® ç«¥®¢ O(δ2) ¯à¥¤áâ ¢¨âì (7.12) á«¥¤ãîé¨¬ ®¡à §®¬
P = λJ1(E )G+ 2µE , λ = onst . > 0, µ = onst . > 0. (7.15)�®áâ âë λ, µ ¢ (7.15)  §ë¢ îâ ª®áâ â ¬¨ � ¬¥,   á ¬® á®®â®è¥¨¥ (7.15){ § ª®®¬ �ãª . Ǒà¨æ¨¯¨ «ìë¬ ¤«ï (7.15) ï¢«ï¥âáï â®â ä ªâ, çâ® ª®áâ -âë � ¬¥ ¬®�® ¢ëà §¨âì ç¥à¥§ ¥ª®â®àë¥ ¤àã£¨¥ ª®áâ âë, ª®â®àë¥, ¢ á¢®î®ç¥à¥¤ì, ¥¯®áà¥¤áâ¢¥® ¨§¬¥àïîâáï ¢ ¤®áâ â®ç® ¯à®áâëå íªá¯¥à¨¬¥â å.� áá¬®âà¨¬,  ¯à¨¬¥à, ®¤®®á®¥  ¯àï�¥®¥ á®áâ®ï¨¥, ¤«ï ª®â®à®£®¬ âà¨æë ª®¬¯®¥â â¥§®à®¢ P ¨ E ¨¬¥îâ ¢¨¤(P) = 


p11 0 00 0 00 0 0

 , (E ) = 

ε11 0 00 ε22 00 0 ε33 

 (7.16)� ª®¥  ¯àï�¥®¥ á®áâ®ï¨¥ á ¤®áâ â®ç®© â®ç®áâìî à¥ «¨§ã¥âáï, ¥á«¨ á®®á-ë© á q1 ¯àï¬®© ªàã£®¢®© æ¨«¨¤à ¤«¨ë l á ¯«®é ¤ìî ¯®¯¥à¥ç®£® á¥ç¥¨ï
S = πr2, r < l à áâï£¨¢ âì (á�¨¬ âì) á¨« ¬¨ F , ®à¬ «ì® ¨ à ¢®¬¥à® à á-¯à¥¤¥«¥ë¬¨   â®àæ å. Ǒ®¤ F ¯®¨¬ ¥âáï á¨« , ®â¥á¥ ï ª ¥¤¨¨æ¥ ¯«®é -¤¨. �®ª®¢ãî ¯®¢¥àå®áâì æ¨«¨¤à  á«¥¤ã¥â áç¨â âì á¢®¡®¤®© ®â  ¯àï�¥¨©.�§ (7.15), (7.16) ¯®«ãç¨¬



λ+ 2µ λ λ
λ λ+ 2µ λ
λ λ λ+ 2µ




ε11
ε22
ε33 

 = 

p1100 

 ,



53®âªã¤ 
p11 = Eε11, ε22 = ε33 = −νε11, (7.17)£¤¥
E = µ(3λ+ 2µ)

λ+ µ
, ν = λ2(λ+ µ) . (7.18)�â ª, ¯à¨ ®¤®®á®¬  ¯àï�¥®¬ á®áâ®ï¨¨ (7.16) p11 ¯à®¯®àæ¨® «ì® ε11,¬®¤ã«ì �£  E § ¤ ¥â ª®íää¨æ¨¥â ¯à®¯®àæ¨® «ì®áâ¨. Ǒ¥à¢®¥ ¨§ á®®â®-è¥¨© (7.17) �.�ãª áä®à¬ã«¨à®¢ « â ª: "ut tensio si vis { ª ª®¢  á¨« , â ª®¢®ã¤«¨¥¨¥". � à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ p11 = F/S ¨ ¥á«¨ �l { ¨§¬¥¥¨¥ ¤«¨-ë, â® ε11 = �l/l. Ǒ®íâ®¬ã ¬®¤ã«ì �£  ¬®�® ¢ëç¨á«¨âì, ¨áå®¤ï ¨§ à¥ «ì®¨§¬¥àï¥¬ëå ¢¥«¨ç¨: E = Fl/S�l.� à áá¬ âà¨¢ ¥¬®¬ ¯à¨¬¥à¥ ¯à¨ à áâï�¥¨¨ (á� â¨¨) í«¥¬¥â à®£® ®¡ê-¥¬  dV ¢  ¯à ¢«¥¨¨ q1 ¢®§¨ª îâ á� â¨ï (à áâï�¥¨ï) ¢  ¯à ¢«¥¨ïå q2,q3. �®«¨ç¥áâ¢¥®© ¬¥à®© ®â®á¨â¥«ìëå á� â¨© (à áâï�¥¨©) ï¢«ï¥âáï ª®íä-ä¨æ¨¥â Ǒã áá®  ν ¨§ (7.17), (7.18). �á«¨ à ¤¨ãá ¯®¯¥à¥ç®£® á¥ç¥¨ï ¨§¬¥-ï¥âáï   �r, â® ®â®á¨â¥«ì®¥ ¯®¯¥à¥ç®¥ á� â¨¥ (à áâï�¥¨¥) à ¢® �r/r ¨ª®íää¨æ¨¥â Ǒã áá®  â ª�¥ ¢ëç¨á«ï¥âáï ç¥à¥§ à¥ «ì® ¨§¬¥àï¥¬ë¥ ¢¥«¨ç¨-ë: ν = −l�r/r�l.�§ (7.15) ¢ëâ¥ª ¥â, çâ® ¯¥à¢ë¥ ¨¢ à¨ âë â¥§®à  P, E á¢ï§ ë á®®â®-è¥¨¥¬

J1(P) = tr(P) = (3λ+ 2µ)tr(E ). (7.19)Ǒà¥¤¯®«®�¥¨ï (7.13) ¯®§¢®«ïîâ ¯¥à¥©â¨ ®â (7.12) ª § ª®ã �ãª  (7.15). �à ¬ª å íâ¨å ¯à¥¤¯®«®�¥¨© § ª® á®åà ¥¨ï ¬ ááë ρ0 = ρJ ¯¥à¥å®¤¨â ¢1− ρ

ρ0 = J1(E ). (7.20)Ǒ®íâ®¬ã J1(E ) < 0 á®®â¢¥âáâ¢ã¥â á� â¨î í«¥¬¥â à®£® ®¡ê¥¬  dV, J1(E ) > 0{ à áè¨à¥¨î, J1(E ) = 0 { ¥á�¨¬ ¥¬®© á¯«®è®© áà¥¤¥. �á«¨ p11 = p22 = −p,
p > 0, â® ¨§ (7.19) ¯®«ãç ¥¬

−p = KJ1(E ), K = λ+ 23µ. (7.21)�®íää¨æ¨¥â K ¢ (7.21)  §ë¢ ¥âáï ¬®¤ã«¥¬ ®¡ê¥¬®£® á� â¨ï. �â®¡ë ¨§¬¥-à¨âì K ¤®áâ â®ç® à¥ «¨§®¢ âì  ¯àï�¥®-¤¥ä®à¬¨à®¢ ®¥ á®áâ®ï¨¥, ¤«ïª®â®à®£® â¥§®àë E , P { è à®¢ë¥ ¨ pii = −p.�,  ª®¥æ, à áá¬®âà¨¬ ®¯ëâ ¯® ®¯à¥¤¥«¥¨î  ¯àï�¥®-¤¥ä®à¬¨à®¢ -®£® á®áâ®ï¨ï ¯àï¬®ã£®«ì®£® ¯ à ««¥«¥¯¨¯¥¤  V0, ¡®ª®¢ë¥ à¥¡à  ª®â®à®£®¯ à ««¥«ìë q1. Ǒãáâì ¨�ïï £à ì (ξ3 = x3 = 0) § ªà¥¯«¥ ,   ¢ ª �¤®©â®çª¥ ¢¥àå¥© £à ¨ (ξ3 = x3 = a) ¯à¨«®�¥  á¨«  F ¢  ¯à ¢«¥¨¨ q2. Ǒ®¤ F¯®¨¬ ¥âáï á¨« , ®â¥á¥ ï ª ¥¤¨¨æ¥ ¯«®é ¤¨, â ª çâ®   £à ¨ ξ3 = x3 = a§ ¤  ¢¥ªâ®à  ¯àï�¥¨© á ª®¬¯®¥â ¬¨ p13 = 0, p23 = F , p33 = 0. �áâ «ì-ë¥ £à ¨: x1 = ξ1 = 0, x1 = ξ1 = l, x2 = ξ2 = 0 ¨ x2 = ξ2 = l { á¢®¡®¤ë®â  ¯àï�¥¨©. � ¤®áâ â®ç®© áâ¥¯¥ìî â®ç®áâ¨ ¬®�® áç¨â âì, çâ® ¢ â -ª®¬ ®¯ëâ¥ ®áãé¥áâ¢«ï¥âáï ®â®¡à �¥¨¥ ¥¤¥ä®à¬¨à®¢ ®£® ¯àï¬®ã£®«ì®£®¯ à ««¥«¥¯¨¯¥¤  V0(ξ) ¢ ¤¥ä®à¬¨à®¢ ë© ¯ à ««¥«¥¯¨¯¥¤ V (x), ¢á¥ ¯®¯¥à¥ç-ë¥ á¥ç¥¨ï ª®â®à®£® { ¯ à ««¥«®£à ¬¬ë. �â®¡à �¥¨¥ V0 −→ V ¯®¢®à ç¨¢ ¥â¯«®áª¨¥ á¥ç¥¨ï ξ2 = onst ., 0 ≤ ξ2 ≤ a   ã£®« ϕ ¢  ¯à ¢«¥¨¨ q2: à¥ «¨§ã¥â-áï ¯à®áâ®© á¤¢¨£. �¥à®© íâ®£® á¤¢¨£  á«ã�¨â ã£®« ϕ,   ¬®¤ã«ì á¤¢¨£  α = F/ϕ®¯à¥¤¥«ï¥âáï à¥ «ì® ¨§¬¥àï¥¬ë¬¨ ¢¥«¨ç¨ ¬¨.



54 � á¨«ã (7.2) ®â®¡à �¥¨¥ V0(ξ) −→ V (x) ¬®�® ®å à ªâ¥à¨§®¢ âì ¢¥ªâ®à®¬¯¥à¥¬¥é¥¨© u = x− ξ, â ª çâ® ¯à¨ ¯à®áâ®¬ á¤¢¨£¥
u1 = 0, u2 = x3 tgϕ ≃ x3ϕ, u3 = 0.�á¥ ª®¬¯®¥âë â¥§®à  ¬ «ëå ¤¥ä®à¬ æ¨© E à ¢ë ã«î §  ¨áª«îç¥¨¥¬2ε23 = ϕ. � ¢ë ã«î ¨ ¢á¥ ª®¬¯®¥âë â¥§®à  P, ªà®¬¥ p23 = F . Ǒ®íâ®¬ã,ãç¨âë¢ ï (7.15), F/ϕ = α = p23/2ε23 = µ.�®�® áç¨â âì íªá¯¥à¨¬¥â «ì® ãáâ ®¢«¥ë¬ ä ªâ®¬, çâ® K > 0,

µ > 0. �®£¤  ¨§ (7.18), (7.21) ¢ëâ¥ª ¥â: E > 0, λ > 0, 0 < ν < 1/2. �â®¤ ¥â ¢®§¬®�®áâì § ¯¨á âì § ª® �ãª  (7.15) ¨á¯®«ì§ãï «î¡ãî ¯ àã ã¯àã£¨åª®áâ â. � ¯à¨¬¥à,
P = E1 + ν

[
E + ν1− 2ν J1(E )G]

.�â ª, ¥á«¨ ¨§ãç ¥¬ ï á¯«®è ï áà¥¤  ï¢«ï¥âáï ®¤®à®¤®©, ¨§®âà®¯®© ¨ã¯àã£®©, â® ¯à¥¤¯®«®�¥¨¥ (7.13) ¯®§¢®«ï¥â ª®ªà¥â¨§¨à®¢ âì § ¬ªãâãî ¬ -â¥¬ â¨ç¥áªãî ¬®¤¥«ì, ®á®¢ ãî   § ª® å á®åà ¥¨ï ¬ ááë, ¨¬¯ã«ìá  ¨¬®¬¥â  ¨¬¯ã«ìá :
ρ(x, t) ≃ ρ0(ξ)[1− J1(E )℄ = ρ(x, t0)[1− J1(E )℄,

ρ
dv
dt

= divP + ρf , du
dt

= v,
εik ≃

∂ui

∂xk

+ ∂uk

∂xi

, pik ≃ λJ1(E )δik + 2µεik.

(7.22)�¨¬¢®«®¬ ≃ ®â¬¥ç¥ë â¥ ¨§ á®®â®è¥¨© ¢ (7.22), ¯à¨ ¯®«ãç¥¨¨ ª®â®àëå ¨á-¯®«ì§®¢ «¨áì ¯à¥¤¯®«®�¥¨ï (7.13).� «ì¥©è¨¥ ã¯à®é¥¨ï (7.22) á¢ï�¥¬ á ¤®¯®«¨â¥«ìë¬ ¯à¥¤¯®«®�¥¨¥¬® "¬ «®áâ¨" á ¬¨å ¯¥à¥¬¥é¥¨©. �¬¥®, ¡ã¤¥¬ áç¨â âì, çâ® u · u ≪ l2, £¤¥
l { å à ªâ¥àë© «¨¥©ë© à §¬¥à à áá¬ âà¨¢ ¥¬®£® ã¯àã£®£® â¥« . �¬¥áâ¥ á(7.13) íâ® ¤ ¥â

ui = O(δ), ∂ui

∂xk

= O(δ). (7.23)�á«®¢¨ï (7.23) ¯®§¢®«ïîâ ¥ à §«¨ç âì â¥§®àë ¬ «ëå ¤¥ä®à¬ æ¨© �à¨  ¨�«ì¬ á¨. �à®¬¥ â®£®, ¢¥ªâ®à®¥ ¯®«¥ ¬ «ëå ¯¥à¥¬¥é¥¨© ui = O(δ) ¢ á¨«ãu = v�t + O(�t2) ¯®à®�¤ ¥â ¢¥ªâ®à®¥ ¯®«¥ ¬ «ëå ¬£®¢¥ëå áª®à®áâ¥©
vi = O(δ) ¨ â®£¤ 

vi = dui

dt
= ∂ui

∂t
+ vk

∂ui

∂xk

= ∂ui

∂t
+O(δ2).

ai = dvi

dt
= ∂vi

∂t
+ vk

∂vi

∂xk

= ∂vi

∂t
+O(δ2).� á¨«ã (6.12){(6.14) íâ® ®§ ç ¥â, çâ® ãá«®¢¨ï (7.23) ¯®§¢®«ïîâ ¥ à §«¨ç âì¢¥ªâ®àë¥ ¯®«ï ¯¥à¥¬¥é¥¨©, áª®à®áâ¥© ¨ ãáª®à¥¨© ¢ í©«¥à®¢®¬ ¨ « £à �¥-¢®¬ ®¯¨á ¨ïå. � â®© �¥ áâ¥¯¥ìî â®ç®áâ¨ ¬®�® ¥ à §«¨ç âì (divP)x ¨(divP)ξ. Ǒ®íâ®¬ã ãá«®¢¨ï (7.23) ¨ ¢ë¡®à « £à �¥¢  ®¯¨á ¨ï (ρ = ρ0) ¯à¨¢®-¤ïâ ª «¨¥©®© § ¬ªãâ®© ¬®¤¥«¨

ρ0 ∂v
∂t

= divP + ρ0f , ∂u
∂t

= v2εik = ∂ui

∂ξk
+ ∂uk

∂ξi
, pik = λJ1(E )δik + 2µεik.

(7.24)



55Ǒ à ¬¥âà ¬¨ ¬®¤¥«¨ ï¢«ïîâáï: ui, vi, εik, pik.�§ (7.24) ¥âàã¤® ¯®«ãç¨âì
ρ0 ∂2u
∂t2 = µ�u+ (λ+ µ)graddivu+ ρ0f ≡ Au+ ρ0f . (7.25)�¤¥áì � { ®¯¥à â®à � ¯« á , ®¯à¥¤¥«¥ë© ¢ (4.51),   ¤«ï ®¯¥à â®à  A ¨§(7.25) ¯à¨ïâ®  §¢ ¨¥: ®¯¥à â®à � ¬¥. Ǒ¥à¥å®¤ ®â (7.24) ª (7.25) ¯® áãé¥-áâ¢ã ®¯à¥¤¥«ï¥â á¯®á®¡ à¥ «¨§ æ¨¨ ¨ ¯®àï¤®ª ®¯à¥¤¥«¥¨ï ¨áª®¬ëå ¯ à ¬¥âà®¢§ ¬ªãâ®© ¬®¤¥«¨ (7.24). �¬¥®,v←− u −→ εik ←→ pik. (7.26)�â ¯ u −→ εik à¥ «¨§ã¥âáï á ¯®¬®éìî á®®â®è¥¨© ¯¥à¥¬¥é¥¨ï { ¤¥ä®à¬ æ¨¨2εik = ui,k + uk,i, (7.27)  íâ ¯ εik −→ pik { á ¯®¬®éìî á®®â®è¥¨© ¤¥ä®à¬ æ¨¨ {  ¯àï�¥¨ï

pik = λJ1(E )δik + 2µεik. (7.28)Ǒ®ïâ®, çâ® íâ ¯ë (7.27) ¨ (7.28) ¬®�® ®¡ê¥¤¨¨âì.Ǒãáâì D(ξ1, ξ2, ξ3) = D(M) { ®£à ¨ç¥ ï ®¤®á¢ï§ ï ®¡« áâì á ¤®áâ -â®ç® £« ¤ª®© £à ¨æ¥© S(N), n { ¢¥ªâ®à-áâ®«¡¥æ ¢¥è¥© ®à¬ «¨. �§ãç -¥¬ãî ã¯àã£ãî ¤¥ä®à¬¨àã¥¬ãî á¯«®èãî áà¥¤ã ¡ã¤¥¬ á¢ï§ë¢ âì á D,   ¥-áâ æ¨® àë© (¤¨ ¬¨ç¥áª¨©) ¯à®æ¥áá ã¯àã£®£® ¤¥ä®à¬¨à®¢ ¨ï { á æ¨«¨-¤à®¬ Q = {D × [t0 ≤ t ≤ t1℄}. � á®®â¢¥âáâ¢¨¨ á (7.24){(7.28) ¤«ï ¤¨ ¬¨ç¥-áª®© § ¤ ç¨ «¨¥©®© â¥®à¨¨ ã¯àã£®áâ¨ ¢ æ¨«¨¤à¥ Q á«¥¤ã¥â ¨áª âì ¢¥ªâ®à¯¥à¥¬¥é¥¨© u(M, t) ª ª à¥è¥¨¥ ãà ¢¥¨ï (7.25), ã¤®¢«¥â¢®àïîé¥¥ ¥ª®â®-àë¬ ¤®¯®«¨â¥«ìë¬ ãá«®¢¨ï¬. �ã¤¥¬ áç¨â âì, çâ®   ¡®ª®¢®© ¯®¢¥àå®áâ¨
{S× [t0 ≤ t ≤ t1℄} æ¨«¨¤à  Q ¨áª®¬®¥ à¥è¥¨¥ ¯®¤ç¨¥® ®¤®¬ã ¨§ ¨�¥¯à¨-¢¥¤¥ëå ªà ¥¢ëå ãá«®¢¨©: )u(N, t) = 0, N ∈ S;¡)pimnm(N, t) = 0, N ∈ S;¢)S = S1 ∪ S2; u(N, t) = 0, N ∈ S1; pimnm(N, t) = 0, N ∈ S2. (7.29)�à ¥¢ë¥ ãá«®¢¨ï (7.29) ¨¬¥îâ ¯à®§à çë© ä¨§¨ç¥áª¨© á¬ëá«. �á«¨ £à ¨æ 
S ã¯àã£®£® â¥«  D § ªà¥¯«¥ , â® ¬ë ¯à¨å®¤¨¬ ª (7.29 ). �á«¨ �¥ £à ¨æ  Sã¯àã£®£® â¥«  D á¢®¡®¤  ®â  ¯àï�¥¨©, â® ¨¬¥¥â ¬¥áâ® (7.29¡). �ã¤¥¬ â ª�¥áç¨â âì, çâ® ª ª¨¬-«¨¡® á¯®á®¡®¬ ¬®�® § ¤ âìu(M, t0) = ϕ(M), v(M, t0) = ∂u

∂t
(M, t0) = ψ(M). (7.30)�¥¬ á ¬ë¬ ¤«ï ®¯à¥¤¥«¥¨ï ¢¥ªâ®à  ¯¥à¥¬¥é¥¨© u(M, t) ¯®áâ ¢«¥  á¬¥è - ï § ¤ ç  �®è¨ ( ç «ì®-ªà ¥¢ ï § ¤ ç ).� áâ æ¨® à®© (áâ â¨ç¥áª®©) ¬®¤¥«¨ (7.24), £¤¥ á¨« ¬¨ ¨¥àæ¨¨ ¬®�®¯à¥¥¡à¥çì, ¢¬¥áâ® (7.25) ¯®«ãç¨¬

µ�u+ (λ+ µ)draddivu+ ρ0f ≡ Au+ ρ0f = 0, M ∈ D. (7.31)�â â¨ç¥áª ï ªà ¥¢ ï § ¤ ç  ¤«ï ¢¥ªâ®à  ¯¥à¥¬¥é¥¨© u(M) § ª«îç ¥âáï ¢®âëáª ¨¨ à¥è¥¨ï ¢¥ªâ®à®£® ãà ¢¥¨ï (7.31), ã¤®¢«¥â¢®àïîé¥£® ®¤®¬ã ¨§áâ æ¨® àëå ªà ¥¢ëå ãá«®¢¨© (7.29). Ǒ à ¬¥âàë áâ æ¨® à®© ¬®¤¥«¨ (7.24)
εik(M), pik(M) ®¯à¥¤¥«ïîâáï § â¥¬ ¨§ (7.27), (7.28).



56 �®¢®àï ® ¯®áâ ®¢ª¥ «¨¥©ëå § ¤ ç â¥®à¨¨ ã¯àã£®áâ¨ ¢ ¯¥à¥¬¥é¥¨ïå®¡ëç® ¨¬¥îâ ¢ ¢¨¤ã (7.25), (7.31) ¨ ãª § ë© ¢ (7.26) ¯®àï¤®ª ®¯à¥¤¥«¥¨ï¯ à ¬¥âà®¢ ¬®¤¥«¨ (7.24).� ª ã�¥ £®¢®à¨«®áì, ¤¢¨�¥¨¥ á¯«®è®© áà¥¤ë áç¨â ¥âáï § ¤ ë¬, ¥á«¨ãª § ® ¢§ ¨¬®-®¤®§ ç®¥ á®®â¢¥âáâ¢¨¥ ¬¥�¤ã í©«¥à®¢ë¬¨ ¨ « £à �¥¢ë¬¨ª®®à¤¨ â ¬¨x = x(ξ, t)←→ ξ = ξ(x, t), x0 = x(ξ, t0)←→ ξ = ξ(x0, t0). (7.32)�®®â¢¥âáâ¢¨¥ (7.32) ¬®�® ®¯à¥¤¥«¨âì «¨¡® § ¤ ¨¥¬ ¯®«ï ¯¥à¥¬¥é¥¨© u (çâ®ª �¥âáï  ¨¡®«¥¥ ¥áâ¥áâ¢¥ë¬), «¨¡® § ¤ ¨¥¬ ¯®«ï áª®à®áâ¥©. �¢ï§ì ¬¥�¤ãíâ¨¬¨ ¯®«ï¬¨ ¨ (7.32) ãáâ  ¢«¨¢ îâ á®®â®è¥¨ï (5.1), (5.22) ¨ (6.11){(6.14).�á«¨, ª ª íâ® ä ªâ¨ç¥áª¨ ¡ë«® á¤¥« ®, §  í©«¥à®¢ë ª®®à¤¨ âë ¯à¨ïâì x {ª®®à¤¨ âë â®ç¥ª ¯à®áâà áâ¢ , ¢ ª®â®à®¬ ¤¢¨�¥âáï á¯«®è ï áà¥¤ , â® §  ξá«¥¤ã¥â ¯à¨ïâì ¢¥ªâ®à x(t0) = x0, ª®â®àë© ®â¬¥ç ¥â ¯®«®�¥¨¥ ¬ â¥à¨ «ì®©ç áâ¨æë ¢  ç «ìë© ¬®¬¥â ¢à¥¬¥¨ t0. �®£¤  ¢ (7.30) u(M, t0) = u0 = 0,  â¥§®à ¬ «ëå ¤¥ä®à¬ æ¨© E (M, t) ¢ëáâã¯ ¥â ¢ ª ç¥áâ¢¥ ¬¥àë áà ¢¥¨ï ¤¢ãåá®áâ®ï¨© á¯«®è®© áà¥¤ë: ¢  ç «ìë© ¬®¬¥â ¢à¥¬¥¨ t0 ¨ ¢ â¥ªãé¨© ¬®¬¥â¢à¥¬¥¨ t. Ǒà¨ íâ®¬ ®â®¡à �¥¨î0 = u0 = u(M, t0) −→ u(M, t)á®®â¢¥âáâ¢ã¥â ®â®¡à �¥¨¥0 = E (u0) = E (M, t0) −→ E (u(M, t)) = E (M, t).�¢¥¤¥¬ ¢ à áá¬®âà¥¨¥ ¢¥ªâ®à �¥áâª®£® ¯¥à¥¬¥é¥¨ïw = a+ (b× x),£¤¥ a, b { ¯®áâ®ïë¥ ¢¥ªâ®àë. Ǒ® ®¯à¥¤¥«¥¨î
w1 = a1 + (b2x3 − b3x2),
w2 = a2 + (b3x1 − b1x3),
w3 = a3 + (b1x2 − b2x1). (7.33)�ç¥¢¨¤®, çâ® E (w) = 0, ¯®íâ®¬ã E (u0 + w) = 0. �â® ®§ ç ¥â, çâ®  ç «ì-®¥ (¥¤¥ä®à¬¨à®¢ ®¥) á®áâ®ï¨¥ E (M, t0) ¢á¥£¤  ®¯à¥¤¥«¥® á â®ç®áâìî ¤®¢¥ªâ®à  �¥áâª®£® ¯¥à¥¬¥é¥¨ï (7.33). �«¥¤®¢ â¥«ì®, ¢ë¡®à ξ = x0 ä¨ªá¨àã¥â"¢¬®à®�¥ãî" ¢ ã¯àã£®¥ â¥«® á¨áâ¥¬ã ª®®à¤¨ â x, ª®â®à ï ¨á¯®«ì§ã¥âáï ¯à¨®¯¨á ¨¨ ¤¢¨�¥¨ï.Ǒãáâì u(M, t0) = ϕ(M). �á«¨ 2εik(M, t0) = ϕi,k + ϕk,i, â® á®®â®è¥¨ï"¯¥à¥¬¥é¥¨ï-¤¥ä®à¬ æ¨¨" (7.27) ¬®�® ¯¥à¥¯¨á âì ¢ íª¢¨¢ «¥â®© ä®à¬¥2∂εik

∂t
= vi,k + vk,i. (7.34)�â® ¯à¨¢®¤¨â ª § ¬ªãâ®© ¤¨ ¬¨ç¥áª®© ¬®¤¥«¨ â¥®à¨¨ ã¯àã£®áâ¨, ª®â®à ï ¥á®¤¥à�¨â ¯ à ¬¥âà u(M, t):

ρ0 ∂v
∂t

= divP + ρ0f2∂εik

∂t
= ∂vi

∂ξk
+ ∂vk

∂ξi
, pik = λJ1(E )δik + 2µεik.

(7.35)Ǒ à ¬¥âà ¬¨ ¬®¤¥«¨ (7.35) á«ã� â: vi, εik, pik. Ǒ®áª®«ìªã εik ←→ pik, â® á(7.5) ®¡ëç® á¢ï§ë¢ îâ ¯®áâ ®¢ªã ¤¨ ¬¨ç¥áª¨å § ¤ ç â¥®à¨¨ ã¯àã£®áâ¨ ¢"áª®à®áâïå{ ¯àï�¥¨ïå".
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§ 8. �á«®¢¨ï á®¢¬¥áâ®áâ¨ (á¯«®è®áâ¨) ¤¥ä®à¬ æ¨©.�á®¢®© ¤«ï ¢¢¥¤¥ëå ¢ ¯à¥¤ë¤ãé¥¬ ¯ à £à ä¥ â¥§®à®¢ ¤¥ä®à¬ æ¨© Ê(7.6) ¨ ~E (7.7) á«ã� â á®®â®è¥¨ï (7.2):

xi = ξi + ui(ξ1, ξ2, ξ3)←→ x = ξ + u
ξi = xi − ui(x1, x2, x3)←→ ξ = x− u. (8.1)�â¨ á®®â®è¥¨ï ¨§ ç «ì® ¯à¥¤¯®« £ îâ, çâ® ¢ ¤¨ ¬¨ç¥áª®© ¨«¨ áâ â¨ç¥-áª®© ¬®¤¥«¨ ã¯àã£®£® ¤¥ä®à¬¨à®¢ ¨ï á¯«®è®© áà¥¤ë ¬®�® ¢¢¥áâ¨ â ª®©¯ à ¬¥âà ª ª ¢¥ªâ®à ¯¥à¥¬¥é¥¨© u. �ë¬¨ á«®¢ ¬¨, ¯à¥¤¯®« £ ¥âáï, çâ® â -ª®© ¯ à ¬¥âà áãé¥áâ¢ã¥â.� ¤àã£®© áâ®à®ë, á ¬® ¯®ïâ¨¥ ¤¥ä®à¬ æ¨¨ ¯® áãé¥áâ¢ã á¢ï§ ® á ®¯¨-á ¨¥¬ ®â®¡à �¥¨ï ¥¤¥ä®à¬¨à®¢ ®£® á®áâ®ï¨ï ã¯àã£®© á¯«®è®© áà¥¤ë¢ ¤¥ä®à¬¨à®¢ ®¥. � ª®¥ ®¯¨á ¨¥ ¬®�® ¤ âì ¨ ¡¥§ ¯à¨¢«¥ç¥¨ï ¯ à ¬¥âà u. �§ãç ¥¬ãî á¯«®èãî ã¯àã£ãî áà¥¤ã "¤® ¤¥ä®à¬ æ¨¨" á¢ï�¥¬ á ¬ â¥à¨- «ìë¬ ®¡ê¥¬®¬ D ¨ «®ª «ì®© ªà¨¢®«¨¥©®© á¨áâ¥¬®© ª®®à¤¨ â (y). �â®®§ ç ¥â, çâ® ¢ ª �¤®© ¬ â¥à¨ «ì®© â®çª¥M ∈ D,M =M(y) ®¯à¥¤¥«¥ ¡ §¨áei (ª®¡ §¨á ei) ¨ ¬¥âà¨ç¥áª¨© â¥§®à G = G(y), gij = ei ·ej . � á¨«ã (1.3) § ¤ ¨¥«®ª «ì®£® ¡ §¨á  ¯à¥¤¯®« £ ¥â áãé¥áâ¢®¢ ¨¥ ®âáç¥â®© á¨áâ¥¬ë ª®®à¤¨ â(x) : xi = xi(y)←→ yi = yi(x).Ǒà®æ¥áá ¤¥ä®à¬¨à®¢ ¨ï ¬®�® ¯à¥¤áâ ¢¨âì á¥¡¥ ª ª ¥¯à¥àë¢ë© ¯¥à¥-å®¤ ®â á¨áâ¥¬ë ª®®à¤¨ â (y) (¤® ¤¥ä®à¬ æ¨¨) ª á¨áâ¥¬¥ ª®®à¤¨ â (z) (¯®á«¥¤¥ä®à¬ æ¨¨). � ¬ â¥à¨ «ì®© â®çª®© M ∈ D, M = M(z) á¢ï�¥¬ «®ª «ìë©¡ §¨á êi ¨ ¬¥âà¨ç¥áª¨© â¥§®à Ĝ = Ĝ(z), ĝij = êi · êj . �ã¤¥¬ áç¨â âì, çâ®¯à®å®¤ïé¨¥ ç¥à¥§ â®çªã M ª®®à¤¨ âë¥ «¨¨¨ ¤® ¤¥ä®à¬ æ¨¨ (ª á â¥«ìë¥ ¯à ¢«¥¨ï ei) ¨ ª®®à¤¨ âë¥ «¨¨¨ ¯®á«¥ ¤¥ä®à¬ æ¨¨ (ª á â¥«ìë¥  ¯à -¢«¥¨ï êi) á®áâ®ïâ ¨§ ®¤¨å ¨ â¥å �¥ ¬ â¥à¨ «ìëå â®ç¥ª. �¯à¥¤¥«¥¨¥ êiá¢ï§ ® á § ¤ ¨¥¬ ®âáç¥â®© á¨áâ¥¬ë (x̂). � ¢®¯à ¢¨¥ ¢ë¡®à : (x̂) = (x),«¨¡® (x̂) = (y) ®¡¥á¯¥ç¨¢ ¥âáï ¢§ ¨¬®®¤ § çë¬ á®®â¢¥âáâ¢¨¥¬ (x) ←→ (y).�«ï ®¯à¥¤¥«¥®áâ¨ ¬®�® áç¨â âì, çâ® (x̂) = (x).�¤¥áì ¢ �® ®â¬¥â¨âì, çâ® ª®«ì áª®à® § ä¨ªá¨à®¢   ®âáç¥â ï á¨áâ¥¬ ª®®à¤¨ â (x), â® â®«ìª® ®¤  ¨§ á¨áâ¥¬ (y) ¨«¨ (z) ¬®�¥â ¡ëâì ¯à®¨§¢®«ì®©.�¬¥®, ¥á«¨ § ¤   á¨áâ¥¬  (y), â® (z) ®¯à¥¤¥«¨âáï ¤¥ä®à¬ æ¨¥© ¨  ®¡®à®â.� ®âáç¥â®© á¨áâ¥¬¥ (x) ¬ â¥à¨ «ì ï â®çª  M ∈ D ¤® ¨ ¯®á«¥ ¤¥ä®à¬ æ¨¨¨¬¥¥â à §ë¥ ª®®à¤¨ âë. Ǒ®íâ®¬ã ¢ á¨áâ¥¬¥ (x) ¤¥ä®à¬ æ¨î ¬®�® ®¯¨á âì¨ ª ª ®â®¡à �¥¨¥ D(y) (¤® ¤¥ä®à¬ æ¨¨) ¢ D̂(z) (¯®á«¥ ¤¥ä®à¬ æ¨¨).�¥¤¥ä®à¬¨à®¢ ®¬ã á®áâ®ï¨î (á¨áâ¥¬  (y)) á®®â¢¥âáâ¢ã¥â äã¤ ¬¥-â «ì ï ª¢ ¤à â¨ç ï ä®à¬  (2.24):

|dr|2 = ds2 = gαβdy
αdyβ . (8.2)� ¤ ¨¥ gαβ ¢ (8.2) ¯®§¢®«ï¥â ¨§¬¥àïâì à ááâ®ï¨ï dsi ¬¥�¤ã ¡¥áª®¥ç® ¡«¨§-ª¨¬¨ ¬ â¥à¨ «ìë¬¨ â®çª ¬¨, ¯à¨ ¤«¥� é¨¬¨ i{®© ª®®à¤¨ â®© «¨¨¨(ä®à¬ã« (2.26)),   â ª�¥ ã£«ë ¬¥�¤ã ei ¨ ej (ä®à¬ã« (2.27)). �«ï ¤¥ä®à-¬¨à®¢ ®£® á®áâ®ï¨ï (á¨áâ¥¬  (z)):

|dr̂|2 = dŝ2 = ĝijdz
idzj . (8.3)Ǒ®íâ®¬ã ¨ë¬¨ ¡ã¤ãâ ª ª à ááâ®ï¨ï ¢¤®«ì ª®®à¤¨ âëå «¨¨© dŝi 6= dsi,â ª ¨ ã£«ë ¬¥�¤ã êi ¨ êj . �¬¥® à §«¨ç¨¥ íâ¨å è¥áâ¨ ¢¥«¨ç¨ ®¯à¥¤¥«ï¥â¤¥ä®à¬ æ¨î ¢ ¡¥áª®¥ç® ¬ «®© ®ªà¥áâ®áâ¨ ¬ â¥à¨ «ì®© â®çª¨ M ∈ D.



58 � á®®â¢¥âáâ¢¨¨ á ä®à¬ã« ¬¨ ¯à¥®¡à §®¢ ¨ï ª®âà ¢ à¨ âëå ª®¬¯®¥â(1.22) ¨¬¥¥¬
dzi = ∂zi

∂yα

dyα, dzj = ∂zj

∂yβ

dyβ , dyα = ∂yα

∂zi

dzi, dyβ = ∂yβ

∂yj

dzj�®£¤  «¨¡®
dŝ2 − ds2 = ĝijdz

idzj − gijdy
idyj == (ĝαβ

∂zα

∂yi

∂zβ

∂yj

− gij)dyidyj = (�gij − gij)dyidyj ,
(8.4)«¨¡®

dŝ2 − ds2 = ĝijdz
idzj − gijdy

idyj == (
ĝij − gαβ

∂yα

∂zi

∂yβ

∂zj

)
dzidzj = (ĝij − ~gij)dzidzj .

(8.5)� (8.4) ®¯à¥¤¥«¥ á¨¬¬¥âà¨çë© ª®¢ à¨ âë© â¥§®à à £  ¤¢  Ê { â¥§®à ª®-¥çëå ¤¥ä®à¬ æ¨© �à¨ ,   ¢ (8.5) { â¥§®à ª®¥çëå ¤¥ä®à¬ æ¨© �«ì¬ á¨~E , â ª çâ® 2ε̂ij = �gij − gij , Ê = εij(ei ⊗ ej), (8.6)2~εij = ĝij − ~gij , ~E = ~εij(êi ⊗ êj). (8.7)�§ (8.4), (8.6) ¢ëâ¥ª ¥â, çâ®
dŝ2 = ds2 + 2ε̂ijdy

idyj .Ǒ®íâ®¬ã
dŝi

dsi

= √1 + 2ε̂ii

gii

, ¯® i ¥ áã¬¬¨à®¢ âì.�«¥¤®¢ â¥«ì®, ®â®á¨â¥«ì®¥ ã¤«¨¥¨¥ li ¡¥áª®¥ç® ¬ «®£® «¨¥©®£® í«¥-¬¥â  dsi ¢¤®«ì ei ¯®á«¥ ¤¥ä®à¬ æ¨¨ à ¢®
li = dŝi − dsi

dsi

= √1 + 2ε̂ii

gii

− 1. (8.8)�á«¨ ϕij { ã£®« ¬¥�¤ã  ¯à ¢«¥¨ï¬¨ ei ¨ ej , â® ¢ á®®â¢¥âáâ¢¨¨ á (2.27)osϕij = gij√
giigjj

, ¯® i, j ¥ áã¬¬¨à®¢ âì.�«ï os ϕ̂ij ¢ á®®â¢¥âáâ¢¨¨ á (2.23), (2.26) ¨ (8.4) ¯®«ãç¨¬os ϕ̂ij = ĝijdz
idzj

dŝidŝj

= gαβ

∂zα

∂yi

∂zβ

∂yi

dyidyj

√�gii�gjjdy
idyj

= �gij√�gii�gjj

.�® ¯® ®¯à¥¤¥«¥¨î (8.6): �gij = gij + 2ε̂ij . Ǒ®íâ®¬ãos ϕ̂ij = gij + 2ε̂ij√(gii + 2ε̂ii)(gjj + 2ε̂jj) . (8.9)�â ª, ¨§¬¥¥¨¥ è¥áâ¨ ¢¥«¨ç¨: dsi, ϕ12, ϕ13, ϕ23 ¢ à¥§ã«ìâ â¥ ¤¥ä®à¬ æ¨¨ ¡¥á-ª®¥ç® ¬ «®© ®ªà¥áâ®áâ¨ ¬ â¥à¨ «ì®© â®çª¨M ∈ D ¯®«®áâìî ®¯¨áë¢ ¥âáï¢ â¥à¬¨ å ª®¢ à¨ âëå ª®¬¯®¥â (¯ à ¬¥âà®¢) â¥§®à  Ê (8.6). �âáãâáâ¢¨¥



59¤¥ä®à¬ æ¨¨: Ê = 0 ¢ á¨«ã (8.8), (8.9) ¯à¨¢®¤¨â ª ei = 0 ¨ ϕij = ϕ̂ij . �â®â ¢ë¢®¤á¯à ¢¥¤«¨¢ ¨ ¯à¨ ~E = 0.�¥¯¥àì ¯à¥¤áâ®¨â á¤¥« âì ¢¥áì¬  áãé¥áâ¢¥®¥ ¯à¥¤¯®«®�¥¨¥. �¬¥®,¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¬ â¥à¨ «ìë© ®¡ê¥¬ D ¤® ¤¥ä®à¬ æ¨¨  å®¤¨âáï ¢¥¢ª«¨¤®¢®¬ ¯à®áâà áâ¢¥ R3,   ¯à®æ¥áá ¤¥ä®à¬ æ¨¨ ¥ ¢ë¢®¤¨â ¨§ íâ®£® ¯à®-áâà áâ¢ . �ë¬¨ á«®¢ ¬¨
D(y) ⊂ R3, D̂(z) ⊂ R3. (8.10)�â® ®§ ç ¥â, çâ® ¤«ï (y) ¨ (z) ¬®�® ¢ë¡à âì ¥¤¨ãî ®âáç¥âãî á¨áâ¥¬ãª®®à¤¨ â (x). �á«¨ â¥¯¥àì r { à ¤¨ãá-¢¥ªâ®à ¬ â¥à¨ «ì®© â®çª¨ M(y) ∈ D,¤® ¤¥ä®à¬ æ¨¨,   r̂ { à ¤¨ãá-¢¥ªâ®à â®© �¥ ¬ â¥à¨ «ì®© â®çª¨M(z) ∈ D̂ ¯®á«¥¤¥ä®à¬ æ¨¨, â® ¡ §¨áë ei ¢ D ¨ êi ¢ D̂ ¬®�® ®¯à¥¤¥«¨âì ª ª ¥áâ¥áâ¢¥ë¥,â.¥.

dr = eidy
i ←→ ei = ∂r

∂yi

, dr̂ = êidz
i ←→ êi = ∂r̂

∂zi

(8.11)� ª ã�¥ ¥®¤®ªà â® ®â¬¥ç «®áì, â®ç¥ç®¥ ¥¢ª«¨¤®¢® ¯à®áâà áâ¢® R3 ¬®�®®â®�¤¥áâ¢¨âì á ¢¥ªâ®àë¬ ¯à®áâà áâ¢®¬ V (w) ¨ â®£¤  ¢ á¨«ã (8.10)r ∈ V (w), r̂ ∈ V (w).Ǒ®íâ®¬ã áãé¥áâ¢ã¥â ¢¥ªâ®à u ∈ V (w) â ª®©, çâ®r̂ = r+ u←→ z = y + u. (8.12)�«¥¤®¢ â¥«ì®, ¯®ï¢«ï¥âáï ¢®§¬®�®áâì ®¯¨á âì ¤¥ä®à¬ æ¨î ª ª ®â®¡à �¥¨¥(y) −→ (z) ¢ â¥à¬¨ å ¢¥ªâ®à  ¯¥à¥¬¥é¥¨© u. Ǒà¥¤¢ à¨â¥«ì® ¯à¨¢¥¤¥¬   -«¨â¨ç¥áªãî ä®à¬ã«¨à®¢ªã ãá«®¢¨© (8.10). �â¨ ä®à¬ã«¨à®¢ª¨ ¯à¥¤¯®« £ îâ¯à®áâë¥, ® ¤®áâ â®ç® £à®¬®§¤ª¨¥ ¢ëª« ¤ª¨. �¤¥áì ®¨ ®¯ãé¥ë,   ¯à¨¢¥¤¥-ë «¨èì ã�ë¥ ¤«ï ¯®¨¬ ¨ï ¯à®¬¥�ãâ®çë¥ ¨ ®ª®ç â¥«ìë¥ à¥§ã«ìâ âë.� ª ã�¥ ®â¬¥ç «®áì ¢ § 4, ãá«®¢¨ï (8.10) à ¢®á¨«ìë á«¥¤ãîé¨¬
R· · ·m

ijγ ·
= 0, R̂· · ·m

ijγ ·
= 0, (8.13)£¤¥ R· · ·m

ijγ ·
, R̂· · ·m

ijγ ·
{ á¬¥è ë¥ ª®¬¯®¥âë â¥§®à  �¨¬  -�à¨áâ®ää¥«ï(4.37). �â¨ ª®¬¯®¥âë ¢ëç¨á«ïîâáï á ¯®¬®éìî (4.29) ¯® ¨§¢¥áâë¬ gαβ , ĝαβ .�â (8.13) ¬®�® ¯¥à¥©â¨ (�®£«¨à®¢ ¨¥ ¨¤¥ªá ¬¨) ª ª®¢ à¨ âë¬ ª®¬¯®-¥â ¬ ¨ â®£¤ 

Rijγm = 0, R̂ijγm = 0, (8.14)�á¯®«ì§ã¥¬ë¥ ¢ (8.14) ª®¬¯®¥âë § ¤ îâ ª®¢ à¨ âë© â¥§®à ªà¨¢¨§ë �¨-¬  . �«ï íâ®£® â¥§®à  á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ á¢®©áâ¢  á¨¬¬¥âà¨¨
Rijγm = −Rjiγm −→ Riiγm = 0, Rijγm = −Rijmγ −→ Rij,γγ = 0,

Rijγm = Rγmij , Rijγm +Rimjγ +Riγmj = 0. (8.15)�¥§®à ªà¨¢¨§ë ¢ Rn ¨¬¥¥â n4 ª®¬¯®¥â, ª®â®àë¥ á¢ï§ ë á®®â®è¥¨ï¬¨(8.15). Ǒà®áâ®© ¯®¤áç¥â ¯®ª §ë¢ ¥â, çâ® ¢á¥ n4 ª®¬¯®¥â ¬®£ãâ ¡ëâì ¢ëà �¥-ë ç¥à¥§ N(n) = n2(n2 − 1)/12 "¥§ ¢¨á¨¬ëå" ª®¬¯®¥â. �«ï n = 2 N(2) = 1,  N(3) = 6. �â¨ è¥áâì ª®¬¯®¥â ¢ R3 ¬®�® ª ª¨¬ «¨¡® ®¡à §®¬ § ä¨ªá¨à®-¢ âì. �«ï ®â«¨çëå ®â ã«ï ª®¬¯®¥â Rijγm ¢ á¨«ã (8.15) ¨¬¥¥¬
R1212 = −R2112 = −R1221 = R2121
R2323 = −R3223 = −R2332 = R3232
R3131 = −R1331 = −R3113 = R1313
R1213 = −R2113 = −R1321 = R1312 = R3121 = R2131
R2321 = −R3221 = −R2132 = R2123 = R1232 = R3212
R3132 = −R1332 = −R3213 = R3231 = R2313 = R1323. (8.15′)



60Ǒ®íâ®¬ã ¤®áâ â®ç® § ä¨ªá¨à®¢ âì ¨¤¥ªáë ¯¥à¢®£® áâ®«¡æ  ¢ â®«ìª® çâ® ¯à¨-¢¥¤¥ëå á®®â®è¥¨ïå
ijγm : 1212, 2323, 3131, 1213, 2321, 3132. (8.16)� ¯¥à¢®¬ ãà ¢¥¨¨ (8.14) ¨á¯®«ì§ã¥âáï ¬¥âà¨ª  gij , ¢® ¢â®à®¬ { ĝij . �¢ï§ì¬¥�¤ã ¨¬¨ ¨ ε̂ij , ~εij § ¤ îâ á®®â®è¥¨ï (8.6), (8.7). Ǒ®íâ®¬ã ®â (8.14) ¬®�®¯¥à¥©â¨ «¨¡® ª �Rijγm −Rijγm = 0, �gαβ = gαβ + 2ε̂αβ, (8.17)«¨¡® ª
R̂ijγm − ~Rijγm = 0, ~gαβ = ĝαβ + 2~εαβ. (8.18)�§ (8.17) ¨ (4.37) ®ª®ç â¥«ì® ¯®«ãç¨¬

∂2ε̂im

∂yj∂yγ

+ ∂2ε̂jγ

∂yi∂ym

− ∂2ε̂jm

∂yi∂yγ

− ∂2ε̂iγ

∂yj∂ym

+ 2ε̂αβ(�β
mi�α

γj − �β
iγ�α

mj)++2(�β
jγNimβ + �β

miNjγβ − �β
jmNiγβ − �β

iγNjmβ) = 0. (8.19)�¤¥áì 2Njγβ = ∂ε̂γβ

∂yj

+ ∂ε̂βj

∂yγ

− ∂ε̂jγ

∂yβ

,

ijγm : 1212, 2323, 3131, 1213, 2321, 3132,  á¨¬¢®«ë �à¨áâ®ää¥«ï ¢â®à®£® à®¤  �i
mj ¢ëç¨á«ïîâáï á ¯®¬®éìî ¬¥âà¨ª¨

gαβ ¨§ (4.29). �á«¨ �¥ ¢¬¥áâ® (8.17) ¨áå®¤¨âì ¨§ (8.18), â® ¢ (8.19) á«¥¤ã¥â§ ¬¥¨âì (y)   (z), ε̂αβ   ~εαβ ,   á¨¬¢®«ë �à¨áâ®ää¥«ï ¢ëç¨á«ïâì á ¯®¬®éìî¬¥âà¨ª¨ ĝαβ .�áâ ¥âáï ¤®¡ ¢¨âì, çâ® ¤«ï (8.10) ãá«®¢¨ï á®¢¬¥áâ®áâ¨ ¤¥ä®à¬ æ¨© (8.19)ï¢«ïîâáï ¥®¡å®¤¨¬ë¬¨ ¨ ¤®áâ â®çë¬¨. �®£¤  ® (8.19) £®¢®àïâ ¨ ª ª ®¡ãá«®¢¨ïå á¯«®è®áâ¨ ¤¥ä®à¬ æ¨©. Ǒ®á«¥¤¥¥  §¢ ¨¥ ®¡ëç® á¢ï§ë¢ îâ ááãé¥áâ¢®¢ ¨¥¬ ¢¥ªâ®à®£® ¯®«ï ¯¥à¥¬¥é¥¨© u ¨§ (8.12).�â ª, ¯ãáâìr̂ = r+ u←→ z = y + u, ei = ∂r
∂yi

, êi = ∂r̂
∂zi

. (8.20)�§ (8.20) ¯®«ãç ¥¬ ei + ∂u
∂yi

= ∂r̂
∂yi

= ∂r̂
∂zα

∂zα

∂yi

= êα

∂zα

∂yi

. (8.21)Ǒ®íâ®¬ã
ĝαβ

∂zα

∂yi

∂zβ

∂yj

= �gij = (ei + ∂u
∂yi

)
·
(ej + ∂u

∂yj

) == gij + ei ·
∂u
∂yj

+ ej ·
∂u
∂yi

+ ∂u
∂yi

· ∂u
∂yj

,¨«¨ �gij − gij = 2ε̂ij = ei ·
∂u
∂yj

+ ej ·
∂u
∂yi

+ ∂u
∂yi

· ∂u
∂yj

. (8.22)Ǒ® ®¯à¥¤¥«¥¨î(4.7): ei ·
∂u
∂yj

= ∇jui, ej ·
∂u
∂yi

= ∇iuj . (8.23)



61�à®¬¥ â®£®,
∂u
∂yi

= ∇iumem,
∂u
∂yj

= ∇ju
mem.�«¥¤®¢ â¥«ì®,

∂u
∂yi

· ∂u
∂yj

= ∇ium∇ju
m. (8.24)Ǒ®¤áâ ®¢ª  (8.23), (8.24) ¢ (8.22) ¤ ¥â2ε̂ij = ∇iuj +∇jui +∇ium∇ju

m. (8.25)�à ¢¥¨¥ á (7.6) ¯®ª §ë¢ ¥â, çâ® ¢ (8.25) ®¯à¥¤¥«¥ â¥§®à ª®¥çëå ¤¥ä®à-¬ æ¨© �à¨ , ¯à¥¤áâ ¢«¥ë© ¢ «®ª «ì®© ªà¨¢®«¨¥©®© á¨áâ¥¬¥ ª®®à¤¨ â(y) á ¥áâ¥áâ¢¥ë¬ ¡ §¨á®¬ (8.20). �á«¨ ¢¬¥áâ® (8.21) ¢®á¯®«ì§®¢ âìáï á®®â®-è¥¨¥¬ êi −
∂u
∂zi

= eα

∂yα

∂zi

, (8.26)â® ¯à¥¤ë¤ãé¨¥ à ááã�¤¥¨ï ¯à¨¢®¤ïâ ª â¥§®àã ª®¥çëå ¤¥ä®à¬ æ¨© �«ì-¬ á¨ (7.7) ¢ «®ª «ì®© ªà¨¢®«¨¥©®© á¨áâ¥¬¥ ª®®à¤¨ â (z) á ¥áâ¥áâ¢¥ë¬¡ §¨á®¬ (8.20): 2~εij = ∇iuj +∇jui −∇ium∇ju
m. (8.27)�á®¡® á«¥¤ã¥â ®â¬¥â¨âì, çâ® ¯®¬¨¬® § ª  ¯¥à¥¤ ª¢ ¤à â¨çë¬¨ ç«¥ ¬¨, ~εij®â«¨ç ¥âáï ®â ε̂ij ¨ ®¯à¥¤¥«¥¨¥¬ ª®¢ à¨ â®© ¯à®¨§¢®¤®©, ¨¡® ¢ (8.27) ¢¬¥áâ®(8.23) ¯®«®�¥® êi ·

∂u
∂zi

= ∇jui, êj ·
∂u
∂zi

= ∇iuj . (8.28)� ª�¥ á«¥¤ã¥â ®â¬¥â¨âì, çâ® á®®â®è¥¨ï (8.25) (¨«¨ (8.27)) ¤«ï ª®¢ à¨ âëåª®¬¯®¥â â¥§®à  ¤¥ä®à¬ æ¨¨ Ê (¨«¨ ~E ) á¯à ¢¥¤«¨¢ë â®«ìª® â®£¤ , ª®£¤  áã-é¥áâ¢ã¥â ¢¥ªâ®à ¯¥à¥¬¥é¥¨© u. � â® �¥ ¢à¥¬ï Ê (¨«¨ ~E ) ®¯à¥¤¥«ï¥âáï â®«ìª®¬¥âà¨ª ¬¨ ĝαβ ¨ gαβ , ¥§ ¢¨á¨¬® ®â ¯à¥¤¯®«®�¥¨ï ® áãé¥áâ¢®¢ ¨¨ u. �®�®¯®ª § âì, çâ® ¯à¨ ε̂ij ¨§ (8.25) ãá«®¢¨ï á®¢¬¥áâ®áâ¨ ¤¥ä®à¬ æ¨© (8.19) ã¤®-¢«¥â¢®àïîâáï â®�¤¥áâ¢¥®, ¯®íâ®¬ã á®®â®è¥¨ï¬¨ (8.25) § ¤ ë ¨â¥£à «ëãà ¢¥¨© á®¢¬¥áâ®áâ¨ ¤¥ä®à¬ æ¨© (8.19), â.¥. ®¡é¨¥ à¥è¥¨ï íâ¨å ãà ¢¥-¨©, § ¢¨áïé¨¥ ®â âà¥å "¯à®¨§¢®«ìëå" äãªæ¨© ui. �¥®¡å®¤¨¬ë¥ à §êïá¥¨ï®â®á¨â¥«ì® ¬¥àë â ª®© "¯à®¨§¢®«ì®áâ¨" ¡ã¤ãâ ¤ ë ¨�¥ ¯à¨ à áá¬®âà¥¨¨£¥®¬¥âà¨ç¥áª¨ «¨¥©ëå ¬®¤¥«¥© ã¯àã£®© á¯«®è®© áà¥¤ë.� ä®à¬ «ì®© â®çª¨ §à¥¨ï â ª ï áà¥¤  å à ªâ¥à¨§ã¥âáï ¯à¥¤¯®«®�¥¨-ï¬¨ (7.23). Ǒà¨ ¤¥ä®à¬ æ¨¨ D(y) −→ D̂(z) ¨ S(y) −→ Ŝ(z). �ãé¥áâ¢¥®,ª ª ¡ã¤¥â ¯®ª § ® ¨�¥, çâ® ¯à¨ íâ®¬ ¤®«�  á®åà ïâìáï ®à¨¥â æ¨ï, â.¥.¤¥ä®à¬ æ¨¨ â¨¯  ¨¢¥àá¨¨ á«¥¤ã¥â ª ª¨¬-«¨¡® á¯®á®¡®¬ ¨áª«îç¨âì. � ª®-ªà¥âëå § ¤ ç å ¤¨ ¬¨ª¨ ¨«¨ áâ â¨ª¨ Ŝ { ¯®¢¥àå®áâì ¤¥ä®à¬¨àã¥¬®£® â¥« ,  ª®â®à®© § ¤ îâáï £à ¨çë¥ ãá«®¢¨ï (7.29). �â  ¯®¢¥àå®áâì § à ¥¥ ¥¨§-¢¥áâ  (¯à¨ïâë¬ ¨áª«îç¥¨¥¬ ï¢«ïîâáï § ¤ ç¨ á ªà ¥¢ë¬ ãá«®¢¨¥¬ (7.29 )) ¨¤®«�  ®¯à¥¤¥«ïâìáï ¢ ¯à®æ¥áá¥ à¥è¥¨ï ¨áå®¤®© § ¤ ç¨. � ¯à¥¤¯®«®�¥¨ïå(7.23): zi ≃ yi, ¯®íâ®¬ã, ¢ ç áâ®áâ¨, Ŝ(z) ≃ S(y). �«¥¤®¢ â¥«ì®, ¯à¥¥¡à¥£ ï¢¥«¨ç¨ ¬¨ ¢â®à®£® ¯®àï¤ª  ¬ «®áâ¨, ¬®�® áç¨â âì, çâ® £à ¨çë¥ ãá«®¢¨ï(7.29) ¢ë¯®«ïîâáï   ¥¤¥ä®à¬¨à®¢ ®© (¨§¢¥áâ®©) £à ¨æ¥ S. � «¥¥, ¢ â¥å�¥ ¯à¥¤¯®«®�¥¨ïå (7.23) ¬®�® áç¨â âì, çâ®r = yiei ≃ ziei = r̂ = ziêi.



62Ǒ®íâ®¬ã á â®© �¥ áâ¥¯¥ìî â®ç®áâ¨ ¬®�® ¥ à §«¨ç âì ®¯¥à â®àë ª®¢ à¨- â®£® ¤¨ää¥à¥æ¨à®¢ ¨ï ¢ (8.25) ¨ ¢ (8.27). �,  ª®¥æ, ¯à¥¤¯®«®�¥¨ï(7.23) ¯®§¢®«ïîâ ª ª ¢ (8.25), â ª ¨ ¢ (8.27) ¯à¥¥¡à¥çì ª¢ ¤à â¨çë¬¨ ¯® |u|ç«¥ ¬¨. �¥¬ á ¬ë¬ ¬ë ¯à¨å®¤¨¬ ª â¥§®àã ¬ «ëå ¤¥ä®à¬ æ¨© E (áà ¢¨ á(7.14)): 2εij = ∇iuj +∇jui, εij = εji. (8.29)�«ï íâ®£® â¥§®à  áãé¥áâ¢¥® ã¯à®é îâáï ãá«®¢¨ï á®¢¬¥áâ®áâ¨ ¤¥ä®à¬ æ¨©(8.19) ¨ ¬ë ¯à¨¢¥¤¥¬ §¤¥áì ¨å ¢ë¢®¤. � ¬¨ ãá«®¢¨ï (8.19) ¡ã¤¥¬ ¨â¥à¯à¥â¨-à®¢ âì ª ª ¥®¡å®¤¨¬ë¥ ¤«ï áãé¥áâ¢®¢ ¨ï ¢¥ªâ®à  ¯¥à¥¬¥é¥¨© u. �¬¥®¢ íâ®© á¢ï§¨ à áá¬®âà¨¬ ª« áá¨ç¥áªãî § ¤ çã ®¡ ®¯à¥¤¥«¥¨¨ ¢¥ªâ®à  u ¯®¨§¢¥áâ®¬ã â¥§®àã ¬ «ëå ¤¥ä®à¬ æ¨© E (8.29).�¢¥¤¥¬ ¢ à áá¬®âà¥¨¥ ª®¢ à¨ âë© ª®á®á¨¬¬¥âà¨çë© ( â¨á¨¬¬¥âà¨ç-ë©) â¥§®à à £  ¤¢  2ωij = ∇jui −∇iuj , ωij = −ωji. (8.30)�â®¬ã â¥§®àã (á¬. (4.48)) á®®â¢¥âáâ¢ã¥â ¢¥ªâ®à 2ω = rotu á ª®¢ à¨ âë¬¨ª®¬¯®¥â ¬
ω̈1 = ω23 = −ω32, ω2 = ω31 = −ω13, ω3 = ω12 = −ω21.�®®â®è¥¨ï (8.29), (8.30) ¤ îâ

∇jui = εij + ωij . (8.31)�¥¯¥àì § ¬¥â¨¬, çâ® ¢ á¨«ã (7.32)u(y + dy) = u(y) + ∂u
∂yj

dyj +O(δ2).Ǒ®íâ®¬ã
duαeα = du = ∂u

∂yj

dyj = ∂

∂yj

(uiei)dyj .Ǒ® ®¯à¥¤¥«¥¨î (4.7):
∂u
∂yj

= ∂

∂yj

(uiei) = ∇ju
iei.�«¥¤®¢ â¥«ì®,

dui = ∇juidy
j = (εij + ωij)dyj . (8.32)�®¢¥àè¥®   «®£¨ç®

dωi = ∇jωidy
j . (8.33)�á«¨ â¥¯¥àì ãç¥áâì (8.31), (8.32) ¨ (4.48), â®

∂u
∂yj

= ∇juiei = εjiei + ω × ej . (8.34)�â ª, ¥á«¨ ¨§¢¥áâ¥ â¥§®à ωij (¨«¨ ¢¥ªâ®à ω), â® ¢¥ªâ®à ¯¥à¥¬¥é¥¨© u ®¯à¥-¤¥«ï¥âáï «¨¡® á ¯®¬®éìî ª¢ ¤à âãà
ui(M) = ui(M0) = M∫

M0 (εiα + ωiα)dξα, (8.35)«¨¡®, çâ® ¢ áãé®áâ¨ ®¤® ¨ â® �¥, ¨â¥£à¨à®¢ ¨¥¬ á¨áâ¥¬ë ãà ¢¥¨© (8.34).



63� ª ¨§¢¥áâ®, ¥®¡å®¤¨¬ë¥ ãá«®¢¨ï ¨â¥£à¨àã¥¬®áâ¨ á¨áâ¥¬ë (8.34) § ¤ -îâáï á®®â®è¥¨ï¬
∂̈

∂yα

(εjiei + ω × ej) = ∂

∂yj

(εαiei + ω × eα),ª®â®àë¥ ¢ ¯®ª®¬¯®¥â®© § ¯¨á¨ ¨¬¥îâ ¢¨¤:
∇3(εi2 + ωi2)−∇2(εi3 + ωi3) = 0,
∇1(εi3 + ωi3)−∇3(εi1 + ωi1) = 0,
∇2(εi1 + ωi1)−∇1(εi2 + ωi2) = 0. (8.36)Ǒà¨ § ¤ ®¬ ¢¥ªâ®à¥ ω ä®à¬ã«ë (8.35) ¤ îâ à¥è¥¨¥ § ¤ ç¨ ®¡ ®¯à¥¤¥«¥¨¨u ¯® E ¢ â®¬ á«ãç ¥, ª®£¤  ¨â¥£à « ¢ (8.35) ¥ § ¢¨á¨â ®â ¯ãâ¨ ¨â¥£à¨à®¢ ¨ï

M0M . Ǒ®á«¥¤¥¥ ¢®§¬®�® «¨èì â®£¤ , ª®£¤  dui ¨§ (8.32) ï¢«ï¥âáï ¯®«ë¬¤¨ää¥à¥æ¨ «®¬. �¥®¡å®¤¨¬ë¥ ãá«®¢¨ï ¯®«®£® ¤¨ää¥à¥æ¨ «  du = duieiá¢®¤ïâáï ª (8.36).�¥¢ïâì á®®â®è¥¨© (8.36) á®¤¥à� â è¥áâì ª®¬¯®¥â εij = εji ¨ âà¨ ª®¬¯®-¥âë ωm. �áª«îç¥¨¥ ωm ¨§ (8.36) ¤®«�® ¯à¨¢¥áâ¨ (¨ ¯à¨¢®¤¨â!) ª è¥áâ¨ãá«®¢¨ï¬, á¢ï§ë¢ îé¨¬ εij (ãá«®¢¨ï á®¢¬¥áâ®áâ¨ ¤¥ä®à¬ æ¨©). � «¥¥ ¬ë¯®ª �¥¬, çâ® ¥§ ¢¨á¨¬® ®â á¯®á®¡  ¨áª«îç¥¨ï ωm ¨§ (8.36) è¥áâì ãá«®¢¨©á®¢¬¥áâ®áâ¨ ¤¥ä®à¬ æ¨© ®¯à¥¤¥«ïîâáï ®¤®§ ç®.� ª ¬ë ã¡¥¤¨«¨áì, ¯¥à¢® ç «ì ï § ¤ ç  ®  å®�¤¥¨¨ u ¯® E á¢¥« áì ª§ ¤ ç¥ ®  å®�¤¥¨¨ ω ¯® E . Ǒ® ®¯à¥¤¥«¥¨î (4.7)
∂ω

∂yj

= ∇jωmem. (8.37)�¥®¡å®¤¨¬ë¬¨ ãá«®¢¨ï¬¨ ¨â¥£à¨àã¥¬®áâ¨ á¨áâ¥¬ë (8.37) ï¢«ïîâáï
∂

∂yj

(∇αωmem) = ∂

∂yα

(∇jωmem). (8.38)�®®â®è¥¨ï (8.38) á®¢¯ ¤ îâ á ãá«®¢¨ï¬¨ ¯®«®£® ¤¨ää¥à¥æ¨ «  dω:
dω = dωem, dωm = ∇jωmdy

j , m = 1, 2, 3.�ë¯¨è¥¬ íâ¨ ãá«®¢¨ï
∇2∇3ωm = ∇3∇2ωm, ∇3∇1ωm = ∇1∇3ωm,

∇1∇2ωm = ∇2∇1ωm, m = 1, 2, 3. (8.39)�®, ª ª ¥âàã¤® ¯à®¢¥à¨âì,
∇αωkm = ∇mεkα −∇kεαm

. (8.40)�®®â®è¥¨ï (8.40) ¢¬¥áâ¥ á ω1 = ω23, ω2 = ω31, ω3 = ω12 ¯®§¢®«ïîâ § ¯¨á âìãá«®¢¨ï (8.39) ¢ â¥à¬¨ å ª®¢ à¨ âëå ª®¬¯®¥â â¥§®à  ¬ «ëå ¤¥ä®à¬ æ¨©
E . �â ª, ¯à¨ m = 1 ¨§ (8.39), (8.40) ¨¬¥¥¬2∇2∇3ε23 = ∇3∇3ε22 +∇2∇2ε33, (1)

∇3∇3ε21 +∇1∇2ε33 = ∇1∇3ε23 +∇3∇2ε13, (2)
∇2∇2ε13 +∇1∇3ε22 = ∇2∇3ε21 +∇1∇2ε23. (3)



64� «®£¨ç® ¯à¨ m = 2
∇3∇3ε21 +∇2∇1ε33 = ∇3∇1ε32 +∇2∇3ε31, (4)2∇1∇3ε31 = ∇1∇1ε33 +∇3∇3ε11, (5)
∇1∇1ε32 +∇2∇3ε11 = ∇2∇1ε31 +∇1∇3ε21. (6) (8.41)�,  ª®¥æ, (8.39), (8.40) ¯à¨ m = 3 ¤ îâ
∇2∇2ε13 +∇3∇1ε22 = ∇3∇2ε12 +∇2∇1ε32, (7)
∇1∇1ε32 +∇3∇2ε11 = ∇1∇2ε13 +∇3∇1ε12, (8)2∇1∇2ε12 = ∇1∇1ε22 +∇2∇2ε11. (9)Ǒ®áª®«ìªã ∇i∇j(·) = ∇j∇i(·) (¥¢ª«¨¤®¢®áâì!) ¨ εij = εji, â® ¢ (8.41) á®¢¯ -¤ îâ á®®â®è¥¨ï: (2) ¨ (4), (3) ¨ (7), (6) ¨ (8). �®ªà¥âë© ¢ë¡®à âà®©ª¨ (2),(3), (6) ¨«¨ (4), (7), (8) ¥ ¨¬¥¥â áãé¥áâ¢¥®£® § ç¥¨ï. Ǒ®íâ®¬ã §  ãá«®¢¨ïá®¢¬¥áâ®áâ¨ ¬ «ëå ¤¥ä®à¬ æ¨© ¬®�® ¯à¨ïâì (á¬. â ª�¥ (8.15′)):
∇j∇mεik −∇i∇mεkj −∇j∇kεim +∇i∇kεmj = 0
ikjm : 1213, 2323, 3131, 1213, 3132, 2321. (8.42)�á«®¢¨ï (8.42) ï¢«ïîâáï â ª�¥ ¨ ¤®áâ â®çë¬¨ ¤«ï ¨â¥£à¨àã¥¬®áâ¨ ãà ¢-¥¨© (8.37). Ǒ®íâ®¬ã áãé¥áâ¢ã¥â ¢¥ªâ®à ω, ¤«ï ª®¬¯®¥â ª®â®à®£® ¢ë¯®«¥®(8.40). �® â®£¤  ¯à¥¢à é îâáï ¢ â®�¤¥áâ¢  á®®â®è¥¨ï (8.36) { ãá«®¢¨ï ¯®«-®£® ¤¨ää¥à¥æ¨ «  du. �¥©áâ¢¨â¥«ì®, ¢ á¨«ã (8.40) ¤«ï ¯¥à¢®£® á®®â®è¥¨ï(8.36) ¡ã¤¥¬ ¨¬¥âì

∇3(εi2 + ωi2)−∇2(εi3 + ωi3) = ∇3εi2 −∇2εi3 +∇3ωi2 −∇2ωi3 == ∇3εi2 −∇2εi3 +∇2εi3 −∇iε32 −∇3εi2 +∇iε23 = 0.Ǒà®¢¥àª  â®�¤¥áâ¢¥®áâ¨ ¤¢ãå ®áâ ¢è¨åáï á®®â®è¥¨© (8.36) ¯à®¢®¤¨âáï  «®£¨ç®.�á«¨ ¢ë¯®«¥ë ãá«®¢¨ï (8.42), â® ¬ë ¨¬¥¥¬ ¢á¥ ¥®¡å®¤¨¬®¥, çâ®¡ë ¯à¥¤-áâ ¢¨âì à¥è¥¨¥ § ¤ ç¨ ®¡ ®¯à¥¤¥«¥¨¨ ¢¥ªâ®à  ¯¥à¥¬¥é¥¨© u ¯® â¥§®àã ¬ -«ëå ¤¥ä®à¬ æ¨© E ¢ ï¢®¬ ¢¨¤¥. Ǒãáâì dξj = −d(yj − ξj). �®£¤  ä®à¬ã« ¨â¥£à¨à®¢ ¨ï ¯® ç áâï¬ ¤ ¥â
M∫

M0 ωijdξ
j = ωij(M0)(yi − y0j ) + M∫

M0 ∇αωij(yi − ξj)dξα.�¥¯¥àì á«¥¤ã¥â ãç¥áâì (8.40), çâ®¡ë ¨§ (8.35) ¯®«ãç¨âì ä®à¬ã«ë �¥§ à®:
ui(M) =ui(M0) + ωij(M0)(yj − y0j )++ M∫

M0 [εiα + (yj − ξj)(∇jεiα −∇iεαj)℄dξα.
(8.43)


