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Application in Tomography
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Dimensioning from Real Data

Cone-Beam Data provided by Maisl, Schorr, 2011
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Movie from Siemens, 2008
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Formulation of Problem

Inverse Problems

Let
A : X → Y

where X , Y Banach- or Hilbert spaces
A ( linear ), continuous ( compact )
and injective ( in Banach space case ). Solve for given g ∈ Y

Af = g

(
∆ + f )u = g
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Inverse Problems

Inverse Problems

OBSERVATION g  SEARCHED-FOR DISTRIBUTION f

Af = g

A ∈ L(X ,Y) Integral - or Differential - Operator

Difficulties:
Solution does not exist
Solution is not unique
Solution does not depend continuously on g

⇒ Problem ill - posed ( mal posé ) ( Hadamard, 1923 )
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Inverse Problems

Pseudo - Inverse in Hilbert Spaces

Remedy: Define

A+g := arg min
f∈N (A)⊥

‖Af − g‖Y ⇐⇒ A∗A A+g = A∗g

Properties:

A+ continuous⇐⇒ R(A) = R(A)

(vµ,uµ;σµ)µ ⊂ X × Y × R+
0 singular system:

A+g =
∑
σµ>0

σ−1
µ 〈g,uµ〉Yvµ
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Inverse Problems Degree of Ill-Posedness

Degree of Ill-Posedness

Worst Case Error:

eν(ε, ρ) = sup{‖f‖ : f ∈ N (A)⊥, ‖Af‖ ≤ ε, ‖f‖ν ≤ ρ}

Which Norms ?

Sobolev Spaces
‖Af‖Lp ' ‖f‖Wα,p

Spaces defined via SVD

‖f‖ν =
(∑

n

σ−2ν
n | < f , vn > |2

)1/2
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Inverse Problems Degree of Ill-Posedness

Loss of Accuracy

Assumptions:
Sobolev case ν = β/α, α degree of smoothing
SVD

Estimate

eν(ε, ρ) ≤ εν/(ν+1)ρ1/(ν+1)

Ill-Posedness of Problem
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Inverse Problems Regularization Methods

Regularization Methods

{Rγ : Y → X}γ ⊂ L(Y,X ), γ > 0 is

Regularization Methods

if

lim
ε→0

sup{γ(ε,gε) : gε ∈ Y, ‖g − gε‖Y < ε} = 0 ,

such that

lim
ε→0

sup{‖Rγ(ε,gε)gε − A+g‖X : gε ∈ Y, ‖g − gε‖Y < ε} = 0

γ = γ(ε,gε): a posteriori - parameter choice

γ = γ(ε): a priori - parameter choice
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Inverse Problems Regularization Methods

Typical Behaviour of Reconstruction Error for Inexact
Data

‖f εγ − f‖ ≤ ‖f εγ − fγ‖+ ‖fγ − f‖
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Inverse Problems Regularization Methods

Order Optimality

Method order optimal if there exists regularizaiton parameter
γ = γ(ε, ρ) such that

‖Rγgε − A+g‖ ≤ cεν/(ν+1)ρ1/(ν+1)
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Inverse Problems Regularization Methods

Generation of Regularization Methods

At least two main approaches:

Variational Methods
like Tikhonov-Phillips, Landweber etc.
Regularization by linear functionals
like Likht, Backus-Gilbert, L.-Maaß
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Inverse Problems Regularization Methods

Strategy

Information in the equation is not sufficient to determine a solution

Include additional information

Pucci, 55, Tikhonov, 63, Phillips, 62, Levenberg, 44, Marquardt 63
Bertero, de Mol, Viano, 80

Restrict resolution concept

Likht, 67, Backus-Gilbert, 67, Shepp-Logan, 74, Smith,80,
Grünbaum, 80, L., 89, L.-Maass, 90
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Inverse Problems Regularization Methods

Truncated Singular Value Decomposition

Rγg =
∑
µ

σ−1
µ 〈g,uµ〉Yvµ

Truncated SVD

Fγ(t) =

{
1 : t ≥ γ
0 : t < γ

Miller, 70

Alfred K. Louis Universität des Saarlandes Solution Methods & Tomography 20 / 41



Inverse Problems Regularization Methods

Truncated Singular Value Decomposition

Rγg =
∑
µ

σ−1
µ Fγ(σµ)〈g,uµ〉Yvµ

Truncated SVD

Fγ(t) =

{
1 : t ≥ γ
0 : t < γ

Miller, 70

Alfred K. Louis Universität des Saarlandes Solution Methods & Tomography 20 / 41



Inverse Problems Regularization Methods

Truncated Singular Value Decomposition

Rγg =
∑
µ

σ−1
µ Fγ(σµ)〈g,uµ〉Yvµ

Truncated SVD

Fγ(t) =

{
1 : t ≥ γ
0 : t < γ

Miller, 70

Alfred K. Louis Universität des Saarlandes Solution Methods & Tomography 20 / 41



Inverse Problems Regularization Methods

Truncated Singular Value Decomposition

Rγg =
∑
µ

σ−1
µ Fγ(σµ)〈g,uµ〉Yvµ

Truncated SVD

Fγ(t) =

{
1 : t ≥ γ
0 : t < γ

Miller, 70

Alfred K. Louis Universität des Saarlandes Solution Methods & Tomography 20 / 41



Inverse Problems Regularization Methods

Additional Information

Known: f ∈ V ⊂ X
min
f∈V
‖Af − g‖

Example:

V = {f ≥ 0}
Convex optimization problem
V = {f : Ω(f ) ≤ ρ}
Use Lagrangian multiplier

min
f

(
‖Af − g‖2 + γΩ(f )

)
Generalized Tikhonov - Phillips - Regularization
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Inverse Problems Regularization Methods

If Ω(f ) = ‖Bf‖2 and B linear:

(A∗A + γB∗B)f = A∗g

Tikhonov, 63, Phillips, 62
For B = I:

Fγ(t) = t2/(t2 + γ2)

Ω(f ) = −
∫

f (x) ln f (x)dx

Maximum Entropy Methods ( nonlinear method )

Ω(f ) = ‖f‖2`0

Sparse Reconstruction
Computationally feasible: Ω(f ) = ‖f‖2`1

Alfred K. Louis Universität des Saarlandes Solution Methods & Tomography 22 / 41
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Inverse Problems Regularization Methods

Iterative Methods

Landweber
Kaczmarz
Conjugate Gradient
Marquardt - Levenberg

Regularization parameter : Stopping rule

Too much work is dangerous !!
Relation between Kaczmarz and SOR : Björck - Elving, 1979
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Inverse Problems Regularization Methods

Projection Methods

Regularization parameter : step size
Natterer, 78
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Inverse Problems Regularization Methods

Selection of regularization parameter

trial and error
1/ signal -to - noise ratio
( Generalized ) cross validation
Discrepancy Prinziple: ‖ATγgε − gε‖ ' ε
L - curve ( Hansen )
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Inverse Problems Regularization Methods

Deterministic vs. Stochastic ?

(
A∗CA + γ2B∗B

)
fγ = A∗Cg

⇔

min
f

{
‖Af − g‖2C + γ2‖f‖2B

}
C = Rξξ Covariance Op. for f C weight resp. data error
B = Rζζ Covariance Op. for g B weight for additional info.

Best linear estimator Tikhonov-Phillips
Bayes estimate ( Marquardt-Levenberg )
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Inverse Problems Regularization Methods

Nonlinear Regularization Methods

‖Af − g‖2 + γ2Ω(f )

Ω(f ) = −
∫

f (x) ln f (x)dx Entropy Maximization
Ω(f ) = ‖∇f‖L1 Total Variation
Higher order total variation: Yu, Yang, Jiang, Wang, Inverse
Problems, 2010
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Inverse Problems Regularization Methods

Regularization by Linear Functionals

Likht, 1967
Backus-Gilbert, 1967
L.-Maass, 1990
L, 1996

Approximate Inverse: choose mollifier δγx ≈ δx ,δγx ∈ X ∗ and solve with
dual operator A∗ the auxiliary problem

A∗ψγx = δγx

Solve with precomputed reconstruction kernel ψγx ∈ Y∗

fγ(x) := Eγ f (x) := δγx f = ψγx g

Sγg(x) := ψγx g is called Approximate Inverse.
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Inverse Problems Regularization Methods

Example 1:

Consider
A : L2(0,1)→ L2(0,1)

with

Af (x) =

∫ x

0
f (y)dy = g(x)

Then
f = g′

Mollifier
δγx (y) =

1
2γ
χ[x−γ,x+γ](y)
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Inverse Problems Regularization Methods

Example 1 continued

Auxiliary Equation:

A∗ψγx (y) =

∫ 1

y
ψγx (t)dt = δγx (y)

leading to

ψγx (y) =
1

2γ
(δx+γ − δx−γ)(y)

and
Sγg(x) =

g(x + γ)− g(x − γ)

2γ
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Inverse Problems Regularization Methods

Linear Regularization

Y1

A+

↙ ↑ M̃γ

A : X −→ Y

Mγ ↑
A+

↙

X−1

Sγ = MγA+ = A+M̃γ
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Inverse Problems Regularization Methods

Realization

Filter Methods:

Mγ f (x) =
∑

n

Fγ(σn) < f , vn > vn(x)

M̃γg(x) =
∑

n

Fγ(σn) < g,un > un(x)

Linear Functionals
Mγ f (x) = δγx f
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Inverse Problems Regularization Methods

Filter Methods are special Cases of Regularization
with Linear Funcitonals

Put
δγx (y) =

∑
Fγ(σn)vn(x)vn(y)

then
Rγg(x) =

∑
Fγ(σn)σ−1

n < g,un > vn(x)

can be written as
Rγg(x) = ψγx g

where
ψγx (y) =

∑
Fγ(σn)σ−1

n vn(x)un(y)

The other direction is not always possible !
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Inverse Problems Regularization Methods

Least Squares is a special Approxiamte Inverse

XN ⊂ X finite dimensional space, XN = span{ϕ1, . . . , ϕN}.
Then

fN =
N∑
ν=1

ανϕν

where
Bα = b, Bµν =< Aϕµ,Aϕν >, bµ =< g, ϕµ >

Let Φ = (ϕ1, . . . , ϕN)> and C = B−1. Then the reconstruction kernel is

ψN
x (y) = (AΦ(y)>C>Φ(x)
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Approximate Inverse

Content

1 Formulation of Problem

2 Inverse Problems and Regularization
Degree of Ill-Posedness
Regularization Methods

3 Approximate Inverse
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Approximate Inverse

Restrict Resolution: Approximate Inverse

LOUIS, MAASS, Inverse Problems, 1990
L., Inverse Problems,1996, 1999
Compare: Likht, 67,Backus-Gilbert, 67, Grünbaum, 80, Smith 80
LOUIS, SCHUSTER, Inverse Problems, 1996

Given:
A : L2(Ω1, µ1)→ L2(Ω2, µ2) linear, continuous

Mollifier δγx ≈ δx
fγ(x) = 〈f , δγx 〉

Idea:
Solve

A∗ψγx = δγx

Compute

fγ(x) = 〈f , δγx 〉L2(Ω1,µ1) = 〈Af , ψγx 〉L2(Ω2,µ2)
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Mollifier δγx ≈ δx
fγ(x) = 〈f , δγx 〉

Idea:
Solve

A∗ψγx = δγx

Compute

fγ(x) = 〈f , δγx 〉L2(Ω1,µ1) = 〈Af , ψγx 〉L2(Ω2,µ2)
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Approximate Inverse

Approximate Inverse in L2-Spaces

Data g given

Approximate Inverse

Sγg(x) := 〈g, ψγx 〉L2(Ω2,µ2)
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Approximate Inverse

Approximate Inverse in L2-Spaces

Lemma

If g ∈ D(A+), ψγx ∈ N (A∗)⊥, then

lim
γ→0

Sγg = A+g

The approximate Inverse is a

Regularization Method
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Approximate Inverse

Invariances

Theorem (L, 1997)
Let the operators T1, T2 intertwine with A∗; i.e.,

T1A∗ = A∗T2

and solve for a reference mollifier Eγ the equation

A∗Ψγ = Eγ

Then the general reconstruction kernel for the general mollifier
δγ = T1Eγ is

ψγ = T2Ψγ
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Approximate Inverse

Example: Convolution Equation

Consider A : L2(IRN)→ L2(IRN) as

Af (x) =

∫
IRN

k(x − y)f (y)dy

Let T x
1 = T x

2 = T x be the translation T x f (y) = f (y − x). Then

T xA∗ = A∗T x

Consequence: Solve for the fixed mollifier Eγ(y) the equation
A∗Ψγ = Eγ and put

ψγx (y) = T x Ψγ(y) = Ψγ(y − x)
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Approximate Inverse

Example: Tomography

Mollifier
δγx (y) = Eγ(‖x − y‖)

Then the reconstruction kernel is

ψγx (ω, s) = Ψγ(s − x>ω)
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